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DIFFERENTIAL CALCULUS. 



SECTION I. 

DBFINITIONS AND PRINCIPLES. 

1. Of Mathematical quantities considered as coniitant 
or variable, arithmetical quantities alone (which are, in fact, 
merely ratios) are absolutely constant; for since algebraical 
symbols may be taken to represent any magmtudes whatever, 
that any one of them represents a constant magnitude can be 
but hypothetical. 

Those quantities, however, are termed constant, which 
remain the same while other quantities connected with them 
change their value; and these latter quantities are termed 
variable. Thus in a ghen circle, the radius is a ^^ constant^ 
quantity, while the diord and its distance from the centre are 
respectiYdj <^ variable^ quantities. Again, in the supposed 
case of different circles having a common diord, that chord 
is *' constant", and the radius ^^ variable^. 

^' Constant^ quantities are most commonly represented by 
the f<xmer letters of the alphabet : ^ ratiakie^ quantities by 
the latter. 

2. Any quantity, tbe magnitude of wliidi dqioids, aC' 
cording to a certain km^ upon tbe magnttodes of any number 
of other quantities, is called a ^^fonction^ of those quantities. 
Thus, the cfaofd of a dide is a ^ function^ of its ^^^nrr 
fiom the centre, and of the mdios of die etrde, hfranse its 
magnitude depends upon the nagnitodes of tfacK two quantities 

A 



2 

according to a certain law. Again, for the same reason, the 
space described by a body moving with a constant velocity is 
a " function*" of the velocity and of the time of the body'^s 
motion. Also, the volume of a rectangular parallelopiped is 
a "function'' of its three adjacent edges. And each of the 
quantities a^^ sin tV, log^o ^, is a " function'' of w, 

3. If a quantity have its magnitude dependant upon the 
magnitudes of others, some of which are " variable" and some 
" constant", it is usually said to be a " function" of the variable 
quantities only. Thus, in a given circle, the chord would be 
said to be a " function" of its distance from the centre only. 
Similarly, if a and h represent " constant", and os and y 
" variable", quantities, a^ + aon —ha^ is said to be a " function" 
of 0? ; ^ + acoy -h h%f^ a " function" of a? and y ; and so on. 

4. When one " variable" quantity is expressed imme- 
diately in terms of other " variable" quantities with or with- 
out " constants", it is called an " explicit function" of the latter 
variables. When it is involved with the other " variable''' 
quantities, or appears with them in an unsolved equation, it 
is called an " implicit function" of the same variables. Thu^ 
if the dependance of y upon x be expressed by the equation 

y as y/9.ax ^al^^ y is an " explicit function" of a? : if it be 
expressed by the equation y^ - 2 o»r + a?® = 0, y is an " implicit 
function" of x, 

5. To express generally a " function" of any number of 
quantities, one of the letters j^ F^ 0, >// is usually prefixed 
to the letters or symbols representing those quantities, 
which, when they exceed one in number, are enclosed within 
brackets, and separated by commas. Thus fco^ F{oD^y), 
(p^inWy \/^{<j?+A, y+A?}, respectively represent any function of 
w ; of 0? and^ ; of sin w ;: and of w-\-h and y^k ; any expression 
with a " vinculum" over it being considered as a single symbol. 

If two or more of the letters^ F^ 0, >/^ be put before any 
quantity as a?, thus, J^Fw ; this expresses generally the same 
function of Fw ihatj*w is of a? : So that, if we substitute for the 



general fanction Fx the particular one a+a?, iherifFiV becomes 
yo+a?; and lij^x represents ^", then J^Foff represents (o+^)*. 

If in any part of an investigation any one of the letters, 
as^ be assumed to indicate a particular function, so that y*^ 
represents a particular function of .r, as o*, the letter J^ will 
indicate the same function throughout such investigation ; 
and consequently, if y^ should occur, it would represent a^; 
J'x+y would represent 0*+^; and so on. 

Thus, although a function of any number of quantities 
may be expressed generally by any one of the letters^ /*, 0, yf/ 
prefixed to the symbols representing those quantities in the 
manner above stated, it is obvious that to express di£Perent 
general functions in the same investigation different letters 
must be used. 

6. If 07 + A be put for .r in any function of w represented 
by J^ai^ the resulting quantity will be the same function of 

x-^-k as the original quantity is of <r, and will be represented 

by fx + h. If from J^w + h the original quantity J^w be 
subtracted, and the " difference'' (which it will be convenient 
to represent by A,yj?) be divided by A, there will result a 
function of two independent quantities w and A, which, on sub- 
stituting any constant quantity for either of them, as A, becomes 
a function of the other x. It is also found for many functions 
of x^ and may be so for all, that the quantity represented by 

[^ fee 

-~— may be reduced to such a form, that when is substituted 
A 

for A, there still results either a definite function of x or some 

constant quantity. Tbislast mentioned definite function of jr, or 

constant quantity, when determined, is called *^ the differential 

with regard to x o/J^x^, and is represented by the symbcd 

d,y^, the part c, standing for the expression ^^differential 

with regard to x of^. 

For example, if the proposed function of jr be of^, A^ 

IS yx + A)- — jr, and — - — is -^ , which may be re- 

A A 

duced to the form ^ — ; or ^x\h^ and becomes 2.r 
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when is substituted for h ; therefore dgS^ is 2 a? : or, as it is 
usually written, d^a^ « 2 a?. 

Again, let a + ^d? be the proposed function : 

A, {a + bw) is a + 6 (j? + A) - (a + hx) ; 

A,(a + 6a?) . a-\'b{w-^h)'-{a + hw) ^^ _ , . 
h h h 

/. 3^ (a + hx) = h. 

A^x . (a? + A)-a? h 
Similarly, -5- is ^^ — —-^ = - = i ; 

.•. S^a = 1. 
7- Thus it appears that in certain cases quantities 
represented by can be made to give functions of w and 

A, which become definite functions of w or constant quantities 
when is substituted for h. Since, however, it has not been 
proved that this is true for all functions of w whatever, the 
general propositions which follow^ in this Treatise^ so far 
as they relate to the ^^ differentials^ of functums^ must he con^ 
sidered to extend to those functions only 9 from which such 
differenticUs'*^ can be derived. 



C( 



8. The resulting quantity represented by S^J^x, when it is 
a function of Xy may evidently itself also have a ^^differential 
with regard to x'", which, according to the notation, will be 
represented by 9,9,yzp, or more simply by 3jy<a? : and if this 
latter quantity shall again be a function of a?, dj^^fx, or ^^fx 
will represent its ^^ differential with regard to ^'^; and so on. 

Thus 9,a?^=2a?, (Art. 6.) 

- . A,(2a?) . 2 (a? + A) -2a? 

and since — - — is -^ 

A A 

2A 

h ^' 

.'. 3,(8*) = 2 ; and .-. 9,9,** or 9^.1^= 2. 



3,y^5 S^J^ofj ^gfosy ... S^yo? are called respectively the 1st, 
2nd, Srd, ....w% " diflferentials with regard to x^ oi fai\ and 
sometimes the ^^ difPerentials of the 1st, 2nd, 3rd, ....n^ order 
with regard to x'^ oifat. But the simple expression, " differ- 
entiar^ of any quantity, always means the ** 1st diflTerential'" of 
that quantity. 

9. From the definitions and principles already laid 
down, it is manifest that the differentials of ^^ constant ^^ quan- 
tities have no existence, or may be said to be equal to 0. 

Obs. The definitions and preliminary observations with 
regard to functions of several variables will be found at 
the beginning of Section vi. 

To "differentiate'''* signifies to perform the process by 
which ** differentials^ are obtained. 

We proceed to investigate certain general rules for 
facilitating the differentiation of functions of one variable, 
and for finding the "differentials^ of particular classes of 
functions, 



SECTION II. 

GENERAL RULES FOR FACILITATING DIFFERENTIATION, &c. 



10. Axiom. If w and h be quantities independent of 
each other, any equation which subsists between them, or 
any functions of both or either of them when h is indeter- 
minate, will continue to subsist when is substituted for A, 
provided that by such substitution no term becomes indefinite, 

a 

that is, of the form — , or - . 



11. If f^ o,nd (pof be functions of a? such that fx = 0a? 
for all values of a?, 9,y*a? = 3^0a?. 

For since ^w = ^o? for all values of a?, the equation will 
hold whatever be substituted for a?. 

If therefore .x? + A be substituted for .v 



for all values of A, whether x be considered to vary or not ; 



fm^h-fx (px-\-h—(j)x 

hence, = r , 

n n 

when h is indeterminate. 

But by the hypothesis (Art. 7), the functions of x and h 
on each side of this last equation are capable of being reduced 
to such a form that, when is substituted for A, they become 
definite quantities represented by 3,^0? and S^(px. If there- 
fore these quantities so reduced be represented by F{x^h) and 
y^{x^h) respectively, 

F {x,h) ^ y\f {x,h). 



when h is indeterminate ; and each side of the equation remains 
definite when is substituted for A, therefore substituting for 
A, we have, (Art. 10.) 

12. IfF{wy —-—■ , — — - i <S-c.) ^0 he an equation which 

h h 

8uh^tB between the quantities a?, — — ', c^c, when h is in- 

determinate^ the equation will continue to subsist when is 
substituted for A, or 

F{x^ 9^w, 9,t?, (J-c.) = 0. 

For by the hypothesis (Art. 7)> the quantities — ^ , 

h 

A t> 

— ^ , &c. are capable of being reduced to such a form, that 
h 

when is substituted for h they become definite functions 
represented by 3,t^, d^v^ &c. 

If therefore these quantities so reduced be represented 
by ^(^, A), >/^(a7, A), &c. 

F{w^ ^(j?, A), ^(a?. A), &c.} = 0, 

is an equation which subsists between functions of w and 
A, when A is indeterminate, and in which no term will an - 

«ume the fonn ° or ? , when i. .ubstituted for h. 



Hence (Art. 10), when is substituted for A, 
F{x^ 0(iF, A), ^(ar. A), &c.}s0, 
or, -F(a?, 9,tt, 9,tJ, &c.) = 0. 

A^ A«fJ 
13. If F (*, y, — v~ > ^- > ^•^O = 6e a» equation 

A^ A«i9 
fi7AieA siibjftjsfs between x, y, -— ♦ - / - 4*^'- a?Ae» A Mr t«- 

A A 

determinate^ v being a funetifm of y, «iirf y a function of 
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a; and if k be the quantity by which y is increased in 
conseqy>ence of x being increased by h; then when is 
substituted for hy 

F{^i y^ 9*«^5 ^y^9 4fc.) = 0. 

For by the hypothesis (Art. 7.) — ~ is capable of being 

h 

reduced to such a form that when is substituted for h^ it be- 

A V 
comes the definite function d^u ; and —^ is capable of being 

reduced to such a form, that when is substituted for ky it 
becomes the definite function dyV ; and k is such a function 
of hy that when A s 0, ft = ; if therefore k be represented 

A t> 

hyj'hy and -|-j when reduced, by ^/'(y, ft), or ^(jfjj^h); 

P{^9 y> 0(^» h)y >\f{y,fh)y &c.} = 0, 

is an equation between functions of w and h (for y is a function 
oiai)y which subsists when h is indeterminate, and in which no 

n. ft 

term of the equation assumes the form - , or - , when 
is substituted for h. 

Hence (Art. 10), when is substituted for A, 
F{wyy,(f> (a?. A), yj/ (y, /A), &c. } = 0, 
or, F(w, y, 3^w, S^Vy &c.) = 0. 

14. Constant quantities, if connected with a function 
by the signs -^ or — y are made to disappear by ^^ differen-^ 
tiation^: buty if connected by the signs x or -t- expressed 
or understood, remain so connected with the ^^ differential^ 
of the function. 

Let J^x represent the part of the expression in which 
the variable x appears, and c the constant part, then 

As(J^x:^c) isy(a? + A) ±c- (jTa? ±c) 

=f(pG-^h)-fx or A,/^, 



.•- *%' = Y' , when A is indeterminate ; 

n h 

.'. (12), a.(/a? ± c) = a./«. 

Again, ^'^''•f'^^ is c-/^ - c/j> 

h h 

fw+h -/a? A.r/.t? 

A h 

.'. (12), d^{c.fw):=^c.d^fx. 

Ex. 9, (a + 6 J?) = 3, (6 a?) = 6.9^a? = 6. 

15. If z^ be a function of y^ and y a function of a^ 
u is manifestly a function of a?; and the 'MifFerential with 
regard to a?'' of «^ might be obtained by first eliminating y, 
and performing the process of differentiation, as in Art. O', 
upon Uy which is then expressed immediately in terms of w. 
This method, however, of finding 3^t^ might be very incon- 
venient from the difficulty of eliminating y ; and it is usually 
superseded by the following Rule ; vix. 

The " differential with rega/rd to m'^ of u is equal to 
the product of the " differential with rega/rd to y'^ of u 
and the ^^differential with regard to w'" of y. 

To prove this-— 

Since y is a function of w; if ^ be increased by A, and k he 
the quantity by which y is increased in consequence, km A^y. 
Again, if t^ be supposed converted- into a function of ^ by 
the eliminatiim of y, the ^^ difference^ oi u produced hy 
substituting w-^h tor w would be equal to the ^^ difference^ 
of u considered as a function of y produced by substituting 
y-k-k for y\ and if the former ^^ difference^ be represented 
by £^,Uy and the latter by A^ii^ we shall have 

AgU ^u k AyU bk^y 

" h ~ k 'h~ k ' k ' 

.'. (13), d,u^dfit.c,y. 

B 
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Ex. If t^ s ay + 2^9 and y = «r + a, 
then by elimination, w = a«r + a* + ^* + Zaw + c? ; 
.'. (6) and (14), 3,w = a + 2a? + 2a, 

= 3a + 20?. 
Now by Rule, 3,w = 3yW.3,y, 
Here 3yWB= a + 2y, 

and d;r9 == ^ 9 
.-. d^t£s= a + 2y s= da + 2j?, as before. 

16. The formula proved in Art. 15 is one of very 
extensive application ; and from it may be deduced two others 
which are frequently useful. 

Dividing both sides of the equation 3,w= 9yW.9,y by 9,y, 
we have 

CyW=^— , (l), 

or, the ^^differential with regard to y" ofuis equal to the 
^^differential with regard tox^ofu divided by the *^ differential 
with regard to oP of y. 

Again, let u^x^ then since (Art. 6.) 9^07=1, 1=9^0?. 9«y, or 

9*» = ^— > (ii)^ 

or, the ^^differential with regard to m'*'* of y is equal to the 
reciprocal of the ^^differential with regard to y" ofw. 

Ex. Let y* = Iw, to find 9,y. 

dyX 2y 

or, = -^/ - ; if required in terms of a?. 
2 ^ 
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17- If t^ be a function oft?, v of ;er, z of y^ and y oi w^ 
then by Art. 15 

And the same rule may evidently be continued to any number 
of connected functions. 

If therefore^ F, 0, yj/, represent any successive series of 
single operations upon the variable x producing the complicated 
function J^F^y^rw^ the " differential with regard to oT of 
this function can be found, if the ^^differential with regard 
to at^ of each of the simple functions ^iT, Fw^ 0zr, y^fW can be 
found. And since every complicated function must be produced 
by successive single operations, it follows, that if the differentials 
with regard to a given variable of all functions representing 
single operations can be found, the differential with regard to 
a given variable of any function whatever can also be found. 

In a subsequent section the methods of determining the 
differentials with regard to a given variable of various simple 
functions representing single operations will be given, the 
differentials of all complicated functions arising from them 
being determinable by the above Rule. 

18. If tf be a function of <r, that is, if u and w be con- 
nected together by any equation, u and x may be treated as 
functions of any other arbitrary quantity f, since we are clearly 
at liberty to assume «v «= 0/, and t being respectively any 
function and quantity whatever, and to consider u as the 
corresponding function of /, determinable from the equaticm 
w = 0f, and the given equation between u and a. 

This method of considering quantities which are functions 
of each other, as a function of some arbitrary variable, and of 
^^ differentiating" with r^ard to such variable, will frequently 
be found convenient, especially in ^^ implicit functions"; because 
by thus treating the variable quantities in precisely the same 
manner the symmetry ci the resulting equations will be better 
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preserved. Since the variable with regard to which the differ- 
entials are taken will in this method of considering them be 
perfectly arbitrary and undetermined, it will be a proper and 
convenient mode of distinguishing such di£Perentials to omit 
the subscribed letter which usually indicates the variable with 
regard to which the differentials are taken. 

19. Def. When the quantity with respect to which the 
differentials are taken is arbitrary^ the resulting functions may 
be termed " differentials^' simply, it being unnecessary to take 
particular notice of the variable of which the original quantities 
are supposed to be functions. But it is not unusual to express 
a differential with regard to a given variable by the simple term 
"differential'', when such variable is sufficiently obvious. 

20. Since by Art. 15, 3jW = 3,w.3ta?, in which t may be 
any quantity whatever of which u and w are supposed to be 
functions, by Art. 18, 

or the " differential^ of a function of a is equal to the " differ- 
ential with regard to oT of the same function multiplied by the 
^^ differentiaV* of x. 

Thus, if w =5 ,r^, 
dgU = 2i2?; 
.'. du = 2<27.3a?, 
or 3.t;* = 2a?,3<r. 

Hence, also 3,w = ^— . 

or the " differential with regard to a?" of u is equal to the 

" differential of u divided by the " differential'^ of x, 

'\ 

Note. — The fraction -^ must be carefully distinguished 

(JiL 

"differential with regard to .f'' of w. dj,u and 3— are equal 

COD 

(as is here proved), but are by no means identical. 
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21. Since every differential taken with regard to a given 
variable, as w^ is converted into the equivalent one taken with 
regard to an arbitrary variable by means of the formula 
du — dgU . do?, it is obvious that any equation containing 
" 1st diflferentials**' only, which are taken with regard to an 
arbitrary variable, may be changed into one in which the 
variable is given, by merely subscribing that given variable 
to those symbols of differentiation which are without any sub- 
scribed letter, and observing that if it be one of the variables 
appearing in the equation, as ^, djO? = 1. Conversely, since 

(duY 
(3,w)"= ^ , it is obvious that any such equation, in which 

the differentials are taken with regard to a given variable as w^ 
may be changed into one in which such variable is arbitrary by 
omitting a? as a subscribed letter, and multiplying every term 
by such a power of 9a? as will render the Equation homogeneous 
with respect to the " differentials'" in it. 

Ex. 1. To convert the equation 

into the equivalent one, where the differentials are taken with 
regard to w. 

By the first of the above Rules, the required equation is. 



w, 



or (•.• 3,0? = 1), ^'9xy - y = v^^+s^- 

To prove this fully, 

and substituting this value in the proposed equation, 

w.d^y.dos - y.9a? = 9a?.\/a?^+ y*; 

.*. w.d^y - y = s/a^ + y^, as before. 

Ex. 2. a. (9,y)^+ fe.(9,y)^+ c.9,y + d = O ; required the 
equivalent equation when the differentials are taken with re- 
gard to an arbitrary variable. 
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By the seocmd of the above Rules, the required equatkm is, 
a.(9y)' + b.(dyy.da: + c.35f.(3d?)*+ d.{dxy = 0. 

To prove this fully, 

and .-. a.(9yy+6.(9y)*.9dr+c.9y.(3j?)*+d.(3jr)'=0, as before. 

22. To differentiate a quantity consisting of any 
number of functions of the same variable connected together 
by the signs + or — . 

Let the quantity hej^x + <f>x — y^x + &c. ; 

then A,(^x+{px—y{/x+tgcJ) is 



fx-k-h + (f)x-k-h — ylfX+h + &c. 
— i^x + <px — ^j? + &c.) 



= AgJ^x + As^x — AgyjfX + &c. 

A, (y^? + ^d? — yf/x + &c.) A,yvp Agipx A^yfrx 
A AAA 

when A is indeterminate. 
.'. by Art. 12, substituting for A, 

3,(yj? + 0a? — i|r^ + &c.) = 3,yd? + 3,0d? — 3,>|f J? + &c. 

and considering a? to be a function of an arbitrary variable, and 
therefore y^?, ^x^ yfrx^ &c. functions of the same arbitrary 
variable, 

3(yd? + <f>x — yffX + &c.) = dj^x + 300? — dyffX + &c. 

that is, the differential of the proposed quantity is found by 
taking the differentials of the separate functions and retaining 
the same signs. 
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If Pj q, r, &c. represent the separate functions, 

^*(P + 9 - ^ + &c) = ^xP + 9*9 - ^x^r + &c. 
and 9(p + q -r + &c.) = 3p + 9g - 3r + &c. 

Ex. 3, (a + fea? + ca?') « 3, (6a?) + 3, (cai^) = 6 + 2 c<r, 
and 3(a + 6a? + ca?^) « 6.3a?H- 2c.i?.3cr. 

23. 7b differentiate a quantity consisting of two 
functions of the same variable connected by the sign x . 

Let the quantity hej^of x (pa^, ovj^x.fpw^ 



then A,(ya7.0j?) isj^af+h.(f>x+h —fw.ipx 



- Cy^+A — y*"^) • ^+ A + (0 07+ A - 0tt?) .ytX? 
= ^afx,<paf-\-h + ^g<px.J^w\ 

A ^ h "^ h 

when A is indeterminate. 
.•. by Art. 12, substituting for A, 

^g{fw.ipw) = 0a?.3,y*a7 +ya?.3,0a?. 
Or, if p and g be the functions 

and 3(p9) = g.3jp +p,3g. 

that is, ^Ae differential of the product of two functions is equal 
to the sum of the two quantities formed by multiplying each 
function by the differential of the other. 



Ex. 3,(a+«r.6+a?) = b+w.dgtt+w + a+w,dg,b+w 

= 6 + 07+ a + a? 
= a + 6 + 2a?; 



and 9(a+a?.6+a7) = o.3a7 + 6.3a7 + 2a?. 3d?. 
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Cor. Since 3,(pg) = q-^xP + p. 9,9, 

Pg 1> 9 

24. To differentiate a quantity consisting of any num-' 
her of functions of the same variable connected by the sign x . 

Let p, 9, r, be three functions of <r, 
then considering pg as one quantity, 

^sjpqr) ^ ^»{pq) 9,r 
pqr pq r 

9*P 9*9 9,r 

pqr 

And the same law evidently holds whatever be the number of 
quantities; hence 

'^ • X i^»P 9-9 9,r 1 

0:,{pqr )=^pqr J-^+— 1 + — + I; 

\p q r j 

and 9(p9r ) ^pqr {— + — + — + >. 

{pqr J 

25. To differentiate a quantity in the form of a fraction 
of which the numerator and denominator are functions of the 
same variable. 

A 
Let - — be the quantity, 

then A. 4-^ is ^^-== - ^ 
9^ (^xJfh 9*^ 



<pa;+h.<paf 
1 



<l>w+h.(j>a; 

1 
(f>x-\-h.<psB 



{^of.J^w+h —J^x.fpw-^h} 
{00?. A,/r -/r. ^,00^} ; 
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h 0<27+A.0a7 y^ h h ] 

when h is indetenninate ; 
.-. by Art. 12. substituting for hy 

or, if p and q be the functions,. 

and 9- = -;{9-3p-P-99}- 



o + a? 



Ex. 3, = t; rr {6+a?.9, a+o? - a+a?.9. 6+^1 



(6 + ^)* ^ ^ 

h — a 



_ ^ a + ^ (6 — a).9a7 
and d « -— r^ . 



Cor. Since 9,- = — (9.9,p - p.9,9) ; 

q q\p q I 

q q\P ql 

c • 
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26. To differentiate a quantity in the form of a fraction 
of which the numerator and denominator consist respectively 
of products of several functions of the same variable. 

D o r 
Let i--^ — ^ be the quantity, in which p, g, r,,.., and 

p^, q^y r^»--o are severally functions of the same variable ef. 
Then, considering pqr..., and p^qr^...^ as simple quantities. 

By Art 25. Cor. 
Q pqr... ^ pqr... i d^jpqr...) d^(p^q^r^...) \ ^ 

.-. (24), 

pqr jd^p d^q d^r d^p^ 8,g, d^r^ 1 

p,9,^s"'{p g r Pj q, f, } 

and 
^ pqr... pqr ... idp ^dq ^dr ^ ^^(^^^^^ \ 

Ex. 

* a-w.b-x a-ai.b-x\ o+^ b^-x a-w b-^w J 

a+^.6+^ f 1 1 1 1 1 
{ +- + +- \ 

a—w,b—w\P' + ^ o + OB a — ^ o — w] 



(a-xf.(b-xy 



SECTION III. 



DIFFERENTIATION OF CERTAIN PARTICULAR CLASSES OF EXPLICIT FUNCTIONS 

OF ONE VARIABLE. 

27. To differentiate an explicit function of one vari^ 
able when raised to a constant power. 

Let p represent the function of the variable a?, and 

1st. Let the index of the power to which it is raised 
be a positive integer (n) ; then, 

since (24), o,{p.q.r ) =^ pqr I + — + +•...)> 

if p = g = r = and there are n of such functions, 

In n ^*P 

p 

Sdly. Let the index of p be a positive fraction, — ; 

n 

Assume q^p^^ 

then 5" = p", 

and since m and n are positive integers, by the first case 

mp^'^O^p = 9,^", and wg^'^S^g = 9,g"; 

.-. (11), ng"~*.3,g = wip*~^3,p; 

fjfi 

.-. 9,g = - . p"-^g-^»-'>.9,p, 

n 

= -•?« ^^sP\ 

n 

which is of the same form as when the index is a positive integer 
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3dly. Let the index of p be negative; 

I 
Since p~" = — , 

3.p-" = 9,^ = --^, Art. 25. 






p2n 
which is still of the same fbrm. 

Hence if » be any integral number or definite fraction, 
whether positive or negative, 

and dp* = np^'^.dp. 

that is^ to differentiate a quantity when raised to a constant 
power J diminish the indew by 1, and multiply by tfte index 
and by the differential of the quantity itself. 

Ex. 1. 3,0;* = nof^^2gX =! ntP""* ; and 3a?" = naf^'^.dx. 

Ex. 2. 3, (a + bai'y ^3(a + baf'f.d^ (a + baf"), 

c= 3 (a 4- baf^y.^biV. 

Ex. 3. 3,\/a+6a?+cA^ = 3,(a+6a?+cf^)4 
=a^ (a+bw+ca^yKdg^a+bx+ca^), 

b + ^cx 



^^a + bx-i-ca^ 
Obs. It is particularly useful to remember, that 



^ 1 n*d^p ^ /— 

0,— = ;j--p ; and that Ojfy/p • 



Ex. 3, T 



1 2n<r 



'(a« + .T^)» (a^+o;^)"+^* 
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28. To differentiate a quantity consisting of two 
functions of the same variable j connected by the sign x, 
each of which is raised to a constant power. 

Let the quantity be p^.g", p and q being functions of .r, 
and m and n not functions of <r. 

By Art. 23. Cor. 



a(i>-.9")=p"-9-{^ + ^} 






« p"-^g"-^ {mq.dp + np.dq] . 
And .-. 9, (p^.tf) « p""*.g"-^ {^q-^^^p + np.d^q}. 

Ex. 1. 3,{(a + a?)^(6 + ai)*] 



Ex. 2. 3,(6+^p.\/V+^) 



= (a* + ^)"i.{^ (b + ^).2^ + a' + ^} 

a^ H- 6a; + 2d?^ 
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29- To differentiate a quantity in the farm of a fraction 
of which the numerator and denominator are functions of 
the same variable raised to a constant power. 

Let — be the quantity, p and q being functions of w^ 
and m and n not functions of <r. 
By Art. 25. Cor. 

""g"! P" ^ ^ J 

jEi'" (m.Sp n.oq) 



,m-l 



= ^W-^p-"p-^9}- 



a»d ^'3; = -^ {^9'^sP - wp.3*^}- 

Ex.1, a,) — Ji = 5 — f5ip(^+^)-;(^ + ^)}' 

(a? + l)i (07 + 1)m2 2 J 

[since 3, (a? + 3) = 1, and 9, (a? + l) = 1,] 

(a? + 3)1 



(^ + 1)» 



{a?-2}. 



0? 1 



E^.2. a,.^===«— -— 3{«»-^-ia;.3,(a«-^)} 
Vo*-a?* (o*-^)» 









(ffl*-«*)i 



S3 



-Obs. From 9j.(p'".9") found in Art. 28, 9,— may be at 
once deduced by substituting — « for n. 

Obs. It is useful to commit to memory the formulae for 

9,(p".^), and for 9, — ; since the reduction to the simplest 

form is effected in the general formulae, instead of in each 
particular Example. 



SCHOLIUM. 

30. If n be a quantity which cannot be represented 
arithmetically by an integer or definite fractionf either positive 

or negative, as vi, sin 15^, &c., or generally \/a, sin 0, &c., 

a and being such that \/a and sind cannot be repre-- 
sented by an integer or definite fraction, the proofs in 
Arts. 27, 28, 29 will not strictly hold. But as in every calcula- 
tion in which such quantities occur, the course of proceeding 
is, to take such an approximation to the actual value of the 
quantities as may be considered sufficient for the purpose re- 
quired, which approximation will always be a definite fraction, 
3ii^ce a decimal to a given number of places, the usual form 
in. which such an approximation appears, is a definite frac- 
.tion with the denominator understood, it follows that the 
above expression for 9^]9", as also those which are deduced 
from it, will be correct, if we consider n as representing that 
approximation to the true value of the quantity it represents, 
which is considered sufiiciently accurate for the purposes of 
the calculation or operation in which it occurs. Hence, with 
this understanding of the meaning of n in such cases, it may 
be stated generally that for all possible values of w, (n being 
independent of the variable a?), 

9,p" = wp*''^9,/?, and 9/)" = w/)"~'.9p. 
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31. To differentiate a constant quantity when raised to 
a power expressed by an explicit function of the variable. 

1st. Let the quantity be a% 

then A,a' is a'+*-a'; 
A^q* o*-l , 

Now if log a and log 6 represent the logarithms of a and b 
in a system whose base is any number whatever, or arbitrary^ 

o* = 6^*' , whatever a, 6, and h are; 

(see Appendix I, Art. 2. Cor. 2. Snowball's Trigonometry, 
Srd Ed.) ; 

a*-l 6i<«* -1 



h 



log 6 

loga 



log'^j^ 



ftlogft- - 1 logo 

log a log b * 



loga : logfr« 



log 6 



It is clear that the two first terms of this proportion 
become similar functions of a and b respectively, when is 
put for h. And though in that case each of them appears 

under the indefinite form - , yet since they have to each other 

the definite ratio of loga : log 6, which is not altered by sub- 
stituting for A, they must be capable of being expressed as 
definite quantities. Therefore, if they be represented by a 
and (pb respectively, when is put for A, 

(pa : 06 = loga : log 6; 

(ba d)b 
log a log b 
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an arithmetical quantity which is the same for all values of a, 
but depends on the system in which the logarithms are taken ; 

and if e be assumed such that m = 



<^a = m.loga = 



lege' 
log a 



log 6 

in whatever system the logarithms are taken, since the ratios 
of logarithms are independent of the system. 

But * = .a', when h is indeterminate ; 

k h 

.'. substituting for h^ 

^ log a 

OgU' = (ba.a* = --^— .a' ; 

loge 

and 9a* = ; ,(f2w. 

loge 

2dly. Let the quantity be a^*\ 

then 3,a-^' = 3^,a-^'.9,y^, (15) 

log€ 

and daf'J^.af'.dfw. 

loge -^ 

Cor. If the logarithms be taken in the system of which 
the base is e, since log^ c = I9 

3,a* = loggd.a*. 

and dgo/* = log^ a.a^*,dgfo. 

Hence also, 9,6* = 6^. 

96* = e'.9a7. 
d^' = e^'.9,/^. 
And de^'^e^'^fx. 

Ex.1. 9,(€'.J?-l)=€^.9,a?-l +a?-i.9,€', (23) 

« e' + a^-l.c* 
= e'.ti?. 
D 
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Ex. 2. 9,e"' = e"'.9, {nw) 

32. To differentiate the " logarithm''' of a function of 
one variable. 

1st. Let the quantity be log^^v. 

Then, a?=6'*'8^»'; 

or 1 =loge6.6^^«^»'.9,log,,cr 
= loge6.ti?.3,logja?; 
1 1 



•' 9*logja? = 



loge 6 * a? ' 



and dlog^/r 


1 


• • 
at 


so, d^ylog^^ 


1 

logee 

1 


1 


and 3logea? 


dof 
at 


• 



2dly. Let the quantity be log^yor, 

then, ^Aogi fat = By^log^/at.d^ fat, (15) 

1 1 



log. * */'V 



•9*y^ ; 



Hence also, 9,loge /<«? = -^^^ ; 

•/^ 

and 9 lege fat = -^ . 
Ex. 1. Required 9loge • 
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Since loge^TT^ = ^^&^ («'-!)- log6(e'+ 1) ; 

€* - 1 
••• ^"^g^P^ = SlogeCc* - 1) - 9loge {if + 1) 

9(6' -1) 3(€^+_0. 

6^-1 "" €' + 1 ' 



e'-l €'+1 



-*'.aa? 



.2* 



c**-! 



Ex. 2. Required a,log, V "i— ;i • 



Since logj V 1^-— = ^ { logj (^ - a*) - logj (a;* + a') | ; 
• ''•^°«» ^ 0?' + o« " *log, 6 \ «» - a* .^ + o« / 

1 r 0? ^ \ 



2a^<v 



Ex. 3. Required d ^ Jogf , 

\\/6* - a^ \/fe + a - y/b - o.a?. 

^, v6 + a + \/6-a. 
dloge 



= 3loge(v 6 + a + V 6 - a.iv) - 3log^(v^ft + a - \/b - a.a?) 

y/b — a.3a? y/b — a^x 

y/b + a + \/6 — a.o? vft + a - \/ 6 - a.ti? 



2V^6^-a^9a7 

^■w • 

2.9«r 
.'. the differential required is 



a-\-b-\-{a-b),w^ 
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33. To differentiate a quantity which is a function of 
one variable raised to a power which is also expressed by a 
function of the same variable. 

Let the quantity be p^^ p and q being functions of the 
same variable «v; then, since 

by Art. 11, —^ = q- + log^p.d^q ; 

p^ P 

.-. d,p^ = p' y^-^ + log,p.d,q I . 

And 3p« = p'l^— ^ + logep.3g> . 

Again, 3,p*' may be deduced from the last result by as- 
suming q^ = s; thus 

a,p' = p».{«.^- + logep.3,«} ' 

p\ pi 

.-. S^p^ = p9'. {9'— + ^og^P'9" (r.— + \og,q.d,r) ] 

P 9 

= P^'9^'\— + ^•logeJP-— + logePloge9.3,ri . 

{pi p\ 1 

— + r.log^p. + logcp.log^^.Or > . 
P 9 i 

Ex. Required 9,a?*. 

logf a?'" = <r.logf 0? ; 

3,^ 1 

.-. -— = loggcV + ti7.-; 

Lemma I. If a plane curve and a plane rectilinear 

Jigurcy terminate in the same points, lie in the same plane, 

have their convewities in the same direction, do not cut each 

other, and cannot respectively be intersected by a straight 
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line in more points than two^* the ewterior figure^ vix, 
that which lies on the conveas side of the other has the 
greater perimeter, 

1st. Let ABCDE^ AbcdE, be the curvilinear and recti- 
linear figures respectively, of which the rectilinear figure AbcdE 
is the exterior ; and if possi- 
ble let the perimeter AbcdE 
be not > the perimeter 
ABCDE. Suppose the 
straight line fCg drawn 
touching the curve at C and 
meeting the exterior figure 
in / and g. Then, since 

perimeter AbcdE is not 

> ABCDE, AbfgdE must be < ABCDE. If now we sup- 
pose another line drawn touching the curve and terminated by 
the perimeter of the new rectilinear figure AbfgdE^ by the 
same reasoning the perimeter of the corresponding rectilinear 
figure thus formed will be < AbfgdE, and therefore, a fortiori, 

< ABCDE. Hence, as the same reasoning may be continued, 
it appears that the more points are taken in the curve ABCDE, 
and this process repeated, the more the perimeter of the corres- 
ponding rectilinear figure recedes from being equal to that of 
the curve. But it is evident that, on the contrary, it approaches 
nearer to an equality with it ; therefore, the hypothesis that 
the perimeter AbcdE is not > ABCD is absurd. 

2dly. Let AFGE be the rectilinear figure, the curve 
ABCDE being exterior; and if possible let AFGE be not 

< ABCDE, Take one or more points in the curve, as C, 
and, by joining each two points that are contiguous, form a 
rectilinear figure, as ACE, exterior to AFGE. Then by pro- 
ducing AF, FG to meet the perimeter ACE it is easily seen 
that the perimeter ACE is >AFGE, and therefore > ABCDE; 
and proceeding as in the first case, it will appear that this second 
hypothesis is also absurd. 

• i. e. Have no " re-entrant angle" as to the rectilinear, and no " contraflexure" 
or ^^ cusp" as to the curvilinear figure. 
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Hence tbe exterior perimeter is in both canes the greater 
of the two. 

LsxJCA II. 1/ $ be an angle not >gffj 



-r s 1 + (a quantity not >tan— and not 

mn0 ^ ^ 2 

Let the ang^ ACBi=0) be subtended b 
of a circle described with cen- 
tre C and radius JC Draw 
AD perpendicular to CB^ and 
AT parallel to CB meeting 
BT which touches the circle 
at jB in T; and join AB. 

Then, since the angle JCA ^ ^ — 3 

is not >9^9 AT does not cut 

the curve AB between the points A and B\ .-. by Lemma I, 

arc AB is not > JT+ TBj and not <cliord AB-y 

.'. ore AB is not > jID + DjB, and not < ADj 

arc J J? AD DB AD 

"^ ~AC' AC "*■ AC AC ' 

or sind+versfl sinO; 

P vers 

is not > 1 + — r-TT > and not < 1, 




sin sin d 




1 + tan- 1; 

2 



d - . . 

.•. « 1 + (a quantity not > tan - and not negative). 

sind 2 

34. To diferentiate goniometrical functums of one 
variable. 

(1) Required 9, sin a?. 



Ajr sin w is sin tV-^h — sin tr ; 
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A, 


, sin x 
h 


= 


sin^+A - 


sin«i7 




h 

2sm-.cos 
2 


(-i) 




h 

. h 
sm — 

cos 


w + — \ . 



h \ 2/ ' 

2 
by Lemma II, 

= (l + a quantity not >tan- and not negative) "^ cos (a? + — ) ; 

when h is indeterminate; 

.'. substituting for A, in which case the coefficient of 

cos I a? + — j becomes equal to 1 , 

3, sin a? = cos w. 
And d sin 0? = cos w .dx. 

(2) Required d^cos^. 



A, 


co&x 




COS^+A 


-COS a? 






h 




h 














2sm- 
2 


.COS 


hi) 










h 

2 










= 


. h 
sm — 


'V + 


1) 








2 














h 









= -(H- a quantity not > tan- and not negative) "^ sin jfl?+- j ; 

when h is indeterminate; 

.*. substituting for h^ as before, 

3, cos 0? = — sin w. 
And dcos^ = — sind7.da?.v 
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(3) Required 9,tantT?. 



A, tan a? tan j;+A - tan <r 
h " h " 



sin ^17+^. cos 07 — cos.j^+^.sin.r 



^.cos<r+^.cosa7 
sin A 



h.cosof+h.cosw 
sin A 1 



h 1 

= (l + a quantity not > tan — and not neg.)"^ 



2 cos^+A.cos<r 

.-. substituting for h^ 

9- tan ti? = or = (sec a?)*. 

(cos xy ' 

And 3 tan w = (sec acf . 3ti7. 

In a similar manner it may be easily shewn, that 

(4) 9- cot a? =-7-: — 7^ or =- (coseca?)*. 
^ ' (sma?)* 

(5) 9^ sec X = tan x . sec x. 

(6) 9, cosec a? = — cot a? . cosec a?. 

(7) 9^ vers X = sin x. 

Each of which may be converted into the corresponding dif- 
ferentials taken with regard to an arbitrary variable by the 
general rule 9w = 9^w.9<i?. 

Def. To express what are called moerBe goniometrical 
functions, —1 is prefixed as an index to the corresponding 
direct function; thus, sin"^a?, cos"^zp, tan~^a?, &c. express re- 
spectively an angle whose sine, cosine, tangent, &c. is x. 
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35. To differentiate inverse goniometrical fttnetions of 
one variable. 

(l) Required d^sin'^or. 

by Def. sin sin'^or » w^ 
and, if for convenience of notation sin" 'a; be represented by x^ 
d^sinx sd^or s i. 

But (1 5), d« sin x^d^ sin x^d^^sf ; 

.'. 1 s= cos iir.d^iir ; 
1 



.'. hgX = 



COSjV 

1 



or 3,8in"*d? = 



\/l - (sinar)* 
1 



(2) Required 9,cos"*a?. 
by Def. cos cos'^^ « .r, and if cos'^o? be represented by x^ 

d^cosxr s= d^w= 1 ; 
.-. (l5), 3,cos«.3,« = 1, 
or, - sin «.9^« = 1 ; 

.-. 3,« = -- — 

^mx 

1 



or 3,cos"^a? = - 



y/\ — (cos«)* 
1 



(3) Required 3, tan ~^ a?. 

by Def. tan tan'^a? =:d?, and if tan"^j? be represented by «, 

9, tan X - \\ 

.'. 3. tan«.3,;v s 1, 

or, (sec «)".3,* = 1 ; 

£ 
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.'. d,« -7— — Ti 
{fiecx) 



or 9.tan"'d7 = 



1 
1 +(tan«)*' 

1 



1 -^a^' 



In a similar manner it may easily be shewn that 

1 



(4) 9, cot" 'a? = — 



1 +a?« 

1 

(5) 9,8ec"*a? = 



xy/ iB^ — 1 

(6) 9,co8ec~*J? as J . 

aty/sf'^ 1 

(7) 9,vers-*ar =—===. 

Each of which may be converted into the corresponding difiPer- 
entials taken with regard to an arbitrary variable by the general 
rule 9t£ s= 9^1^.9^. 

36. To differentiate the more general functions wnfxy 

By Art. 15, 9^w = 9,w.9^«; 
.'. if for the convenience of notationy^r be represented by «, 

9, sin « = dg sin x.d^z 
= cos «.9,«. 

(1) or 9,sinya7 = cosyjp.9,yi. 

(2) Similarly, 9, co^J^w = — %mfx,dgj^x. 

(3) 9, tanyi = (secya?)*.9,yir. 

(4) 9, coifw » - (cosecyi)*. 9,yj?. 
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(5) 9, secyi? « tanyjr.secyjr.3,yi?. 

(6) 9, cosecyjr = - cotyJr.cosecyJr.9,yjp. 

(7) dgvevsjh » sinyjr.9^yd?. 

Also, in a similar manner it may be shewn that 

(8) a.co8-/r =--=L==a^ar. 

(4) a.cot-/. .-_i^,.a^.. 

(5) a. sec-/. =_-^_.a./,. 

(6) a.co8ec-»/r--- — . AA 

(7) a.vers->/F = -^====== a,/p. 

Ex. 1. de sin 3d = cos Sd.ae(30) 

s s.cos 3d. 

Ex.2. a.8in-'- = — =L=-.a,- 

1 
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Thus also, 3,cos"*-«- 



« y/^"^' 



a. X a 

,tan-*- = 



a o^ + d? 



y » 



9, vers"* - 



37. Several of the differentials found in Arts. 34, 35, and 
^&^ might have been deduced from others already found : thus 

(1 ) Given d^ sin ^, to deduce d« cos x. 
since, cos m = sin (90® — w) ; 

3, cos a? = 3, sin (90" - *!?), 
(36), = cos (90' - J?).3, (90' - a?), 

« — sin 07 ; since 3,(90^ -«?)=- 3,0? = - 1. 

(2) Given 3, sin" ^yiT, to deduce 3, cos" *yi?. 

oos"*yi7 = 90*-8in"*ya?; 
.•. 3,cos"'yi7 = — 3,8in"*yjp 

And the same method is applicable to the other inverse 
functions which are complements of each other ; and accounts 
for their differentials with regard to the same variable differing 
from each other in the sign only. 

38. Since cos""'/i? = sec"* -^ , tan~*/a7 = cot"* -^ , 

cosec'^/^vssin'^-^r > &c., it is sometimes useful to substitute 
one of these equal quantities for the other before the differ- 
entiation is commenced ; for — is often a simpler quantity 
thany^f. 



Ex. Required 9, sec " * 
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1 



2j?«-1 



sec""' — z « co8"*(2« - 1). 

And since 9. cos"^ fat = , = .9, f/v ; 

.-. 9, sec"* r = — 7======.9-(2.7?2- 1), 

— 4f,T 
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SUCCESSIVE DIFFERENTIATION. 

39* To jmd the succEsairB differentials with regard 
to any variable of explicit ftmctions of that variable. 

It has been already observed (Art. 8), that the " diflFer- 
entiaP, (or, as it must in this part of the subject be termed 
for distinction the ^^Jirst differential '\) with regard to a given 
variable of an explicit function is frequently a function of 
the same variable, and therefore may itself be differentiated ; 
and so produce what is called the *^ second differential^ of 
the function with regard to that variable. This " second 
differential'^ if it be a function of the given variable, may in 
like manner be differentiated, and produce the " third differ- 
ential of the original function with regard to that variable ; 
and the same may be repeated as often as such differential 
continues to be a function of the variable, with regard to which 
the differentials are taken. 

This may be rendered clear by a few Examples. 
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Ex. 1. Required the auccearive differentials with regard 
to X of aw^. 

9^ (a J?') = 4a^; (Arts. 14, and 27), 

3*(acT*) = 3,(4oj?^) = 3 X 4007*; 

9'(a^*) = 9,(3 X 4aa?*^) = 2 x 3 x ^aw\ 

9*(aa7*) = 9, (2 X 3 X A^aw) = 1 x2x3x4ass 24a. 

And as 9*(azp*) is not a function of a?, (Art. 9) 9*(afl7*) 
and all the differentials with regard to o? of a higher order 
have no existence or may be said to be equal to 0. 

Ex. 2. Required the successive differentials with regard 



to a of —. 




(Art. 27), 


3.- = --, 




X \ arj x^ 


• 


^,1 ^2x1 3x2x1 




^^1 ^( 3x2x1^ 4x3x2x1 



'x '\ x' I af^ 

And as the law is now obvious by which each of these 
equations is derived from the preceding one, it is evident, that 



1 \n 



(in which equation n is a positive integer and 

\ri represents n x n-1 x n— 2 ... 3 x 2 x 1.) 

Any number of successive diiferentials with regard to or of 
the proposed function may be obtained by successively substi- 
tuting in this equ^ition different numbers for n. 



39 

Ex. 8, Required the successive differentials with regard 
tox of a*y and of ^. 

3, a' as log^ a.a'^ ( Art. 31.); 
.-. 3*a'= (log^ ay. a% 
3J a' = (log. a)^o'. 



•• • • 



dla'=(\og.ar.a' (1). 

Also, since log, e >» 1, 

Sle'^eW (2). 

And any number of successive differentials of the proposed 
functions may be obtained by successively substituting different 
numbers for n in (l) and (2). 

Ex. 4. Required the successive differentials with regard 
to w of sin Wf and of cos a. 

d^ sin ^ 8 cos Wj (Art. 34.) 
3* sin J? = - sin a?, 
3' sin ^ = — cos Wy 
3^ sin ^ e sin 07, 

• ••••• • ^s • • • • • • 

.'. 3*'' sino? = sin a?] 

c^ sm a = cos a ^ for any value of r which is 
ar*' sin a; = - sin * I a positive integer. 

31*'"*'' sin »r = — cos x } 

Again, 3, cos d7 =s - sin Xy 

3* cos d7 = — cos Xy 

3^ cos X ^ sin Xy 

3^ cos X = cos Xy 

.-. 3*' cos^ = cos^l 

3i''*"^ cos 0? == - sin X ^ for any value of r which is 
3*'+* cos a? = - cosx I a positive integer. 



■^' cos X = sin X 



94r+8 
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Obs. It is sometimes useful to observe, whether the result 
arising from the first difTerentiation can be reduced to a form 
similar to the original function, and thus the law by which 
each successive equation is derived from the preceding be made 
evident from one differentiation only. The following is an 
example : 

Ex. 5. Required the successive differentials with regard 
to w of e*cos a. 

Og (c'.coR m) = e*.cos x — e'.sin a?, 
= e' (cos X — sin x) 

as sic'.cos (45^ 4- x) ; 

Which is of the same form as the proposed function, except 
as to the constant multiplier 2^. 



Hence, 3;,{e'.cos(45°+a?)} =2«.6'{cos(45®+45®-f /p)}9,(45®+a?), 

= 2>.6'.cos (2 X 45* + x) 
.*. 3*(6'.cosa?)=:2i.6'.cos(2x45^+a?); 
9J (6* cos x) = 2».6'.cos (3 X 45** 4- a?) ; 



dl (e'cos x) = 2«.e'.cos (wx45® + x). 

40. Required the successive differentiah with regard 
to X of fx ± c, and of cj^x. 

(1) a,0±c) = 8,/r, (Art. 14), 



dlifw ± c) = dlfa>. 
(2) Also, c),{cfx) = c.d,fx, (Art. 14), 

a:(c/*)=a,(c.a.»=c.8y*, 
a»,(c» = c.a^^, 



2fi(cfx) = c.a;/p. 
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41. To find the successive differentials of a quantity 
consisting of two functions of the same variable connected 
together by the sign x. 

Let p and q be the two functions, 
then 3 (pg) = g.3p + p.9?, (Art. 23) ; 

.-. 3^ (p?) = 3 (g-Sp) + 3 (p.3g), (Art. 22) 
= ?-3*p + 3<jf.3p + p.3*g + 3jp.3g, 

= q,2^p + 2.37.3jp + 3*g.p. 
Thus also, 3* (pg) = g.3'p + dq.dPp 

+ 2.3g.3^p + 2.3^g.3jp 

= 9.3'p + 3.3g.3*p + s.3*g.3p -^-cPq.p. 

Similarly, 3* (pg) = g«3*p + ^.dqxPp -{-G.^q.d^p '^4!.^q.dp+d*q.p, 

Thus far it appears that the results follow a similar law 
to that of the terms of an expanded binomial, the index 
of which is the order of the differential, such index being 
necessarily a positive integer. Supposing this law to hold 
for 3"(pg), so that 

3"(l>?) = ?.3"p + n.3g.3"-^p + —^^ ^.3*g.3»-*p+... 

... + n.3""*g.3p+3"5f.p. 

Then 

3"+'(pg)=g.3"+*p+3g.3"p 

+«.3g.3"p+n.3*g.3""*jp 

n(n-l) ^ ^ »(w-l) ^ V, , 

+ 

+ 3"g.3p+3"+Yp 
- g.3«+»p + (n + l),3g.3-p + ^^±i^.^^^^^ 

1.2 

F 
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Hence it appears that, if the law hold for S^ipq)^ it will 
also hold for a»+'(p(/). 

But it has been shewn that the law holds for d^(p9), 
and S^(pq)9 therefore it holds for 3*(pg); and if for 3*(jP9)> 
it holds for 3'(pg), and therefore generally for 3"(pg) ; 

or, 3"(pgf) = g.9*p + w.8g.9*"*p+— ^ .3*g.9""'*p + ... 

1 . 2 

... + 3*9.p. . 

.-. also, 32(p9) = ?.3>+n.9,g.9*"V+^^^^-^ig-9j"V+--- 

1 .2 

... + &lq.p (I)- 

Ex. Required the n^ differential with regard to ^ of 
€^.log,a7. 

Let e' be represented by jp, 

and log(<r q. 

Then, dTp = dT'^p = 3*"^ = = ^^ (Art. 39, Ex. S), 

and 3,g 8= -, (Art. 32), 

Of 

••• s: • •• 

3:? = 9r ' f -) = (-0"-'-l^ . (Art. 39, Ex. 2). 

And substituting these values in equation (I), 

^I(«'*log.a?)=6'|log«d?+n. — w.(w-l).— -+n'(?i-l)(?i-2).7-r... 

\ X 2ar 3ar 



••-^(-^)-'l^-i-} 



SECTION IV. 



DITFERENTIATION OF IMPLICIT FUNCTIONS OF ONE VARIABLE. 

42. If f{po^ y) — be an equation subsisting between 
a? and y, dlj^^iv^ y) = ** ^^ equation subsisting between 

-^^Vi^xV^ 9>; y^ 9«y» ^ly^ 9rV ^^'^S treated as 

functions of oo\ — and 3«y(«a?5y)=0 is an equation subsisting 

between w^y^d^oPj 0*5?; a?, d^w, 3y^», ^l'^^ being 

treated as functions of y\ — for any value of n which is 
a positive integer. 

For if y be any function of .r, as ^cV, and this value be 
substituted in the function ^(a?,y), but no other change be 
made, the resulting function y*(a?,0^) is a function o{ x only^ 
which, without changing its value, may evidently be put under 
a variety of forms ; and if Fa^ represent any one of these forms 

whatever is substituted for <r; 

.*. 9,jPa7 = 9,y(ti7, 00?), (Art. 11). 

But dg^(afy (px) may be found by treating <px as a single 
quantity, in which case the result will evidently be the same 
function of a?, a?, and 3,0 a?, that 9«y(a7, y) would be of 
.T, y, and d^y ; and since y = 0a? and 9,y = 3,0o?, 

.-. d^Fx = d,f(x,y), 

y being treated as a function of a?. 
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Again, since dgj^{x^ y) is a function of a?, y, and d,y, which 
may be represented by ^(^jyj3*y)j or, in terms of w^ by 

d^Fx = >/^ (a?, 0a?, 3,0<r), 
whatever is substituted for a?; 

and since each side of the equation is a function of x only, 

dgd^Fx = dj,yj/ (a?, 0a?, 9,0a7), (Art. 11) ; 
and reasoning in the same manner as before, 

8^Fa? = 3,>//(a?,y,9,y) 
= 9,9,/(a?, y) 

y and d^y being treated as functions of a?. 

And as the same reasoning may evidently be continued 
successively to differentials of any order; generally 

y, 9,y ^l~^y being treated as functions of ^r. 

Now let 0a? be the value of y in terms of a? derived 
from the equation ^(a?, y) = ; it is evident that if this value 
of y be substituted in the function y*(a?, y), the resulting 
function y(a?, 0a?) may be reduced to such a form that every 
term would be capable of being destroyed by a corresponding 
term ; and if jPa? represent this function when so reduced, it is 
also evident (Art. 11), that 3^-Fa?, 3^jPa?...92Fa?, must respec- 
tively consist of terms which would mutually destroy each 
other. Hence it follows that these quantities must respectively 
«= 0, and consequently 

9,/('a?jy)j 9^/(07. y) cf/i'V, y) n)ust respectively = 0, 

.V» 9,y,...9j"^y being treated as functions of a?. 
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fij similar reasoning it would follow that 

^yfip^^y)^ ^Ifi^yy) ^Ifi^jy) ™"8t respectively = 0, 

^, 9yar ^y"^^ being treated as functions 'of y. 

Obs. As in all these equations the value of a? or ^ is 
perfectly arbitrary, it is unnecessary to consider them as re- 
presenting the same quantities throughout the equations; 
though if any elimination or other operation is to be performed 
between any two or more of the equations, it is necessary that 
the same symbols should represent the same quantities. 

43. To find the successive differentials with regard to x 
of an implicit function of cc. 

If y be the function, and the relation between <r and y be 
given by the equation y*(j?,y) = 0, it has been shewn (Art. 42), 
that 

9x/(^,y) = 0, a*/(a?,y> = 9;;/(a?,y) = 0, 

the quantities 9,/(a?,y), dlf{a),y)...dlf{x,y), being re- 
spectively functions of w^ y, and the differentials with regard 
to ^ of y up to the order which is the same as the order 
of the differential ofy(a?,y). 

Hence the value of d^y in terms of x may be found by 
considering <r and consequently y to have the same value in the 
two equations 

/(a?,y) = 0, d^f{x,y) = 0, 

eliminating y between them, and then solving the resulting 
equation with regard to 3,y. 

Similarly, the value of 3*y in terms of w may be found 
from the equations 

/(a?,y) = 0, d,f{oo,y) = 0, dlf{x,y) = 0, 

by eliminating y, and 3,y, and solving the resulting equation 
with regard to 3*y. 

And generally, d^y may be found in like manner from the 
n+l equations 

f{x,y) ^ 0, a,/Or,y) = ^Ifips.y) = 0. 
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Obs. It is evident from the mode in which it is obtained 
that 9"y*(«2?5y) = is a simple equation with regard to 3^^, 
and consequently that the required quantity dly can always be 
found in terms of tr,y, and the inferior quantities S^'Vj ^*"V*-« 
• ••3^^^ And since the same is true for each of the equations 
for determining such inferior quantities, it follows, that the 
required quantity 8*y can always be found by successive 
substitutions in terms of a? and y; but, whether it can be found 
in terms of. w, or y, only, will depend upon the possibility of 
solving the original equation fijxj^y) = with regard to a?, or y* 

Ex. 1. ~ + — = 1. Required 9,y, and 3*y» 



a* V 



a^ y* 

— + — -1*0; 



•••^•fc + §-0 = "- 



a' 



or, 9*-^ + 9*Ti = 0. 



Now, 3, *— = — ^ , and 3* t^ = 9y I* '^'^ ~ T* '^'y* 

2.r 2y ^ 



l?x b X 

-— , or = ±-.—7== — 



and 3,y = — ^ , or = ± -. ^ ^ = , if required in terms of j?. 



^ . « /2a? 2y ^ \ 

Agam, d,^— + -^Ayj = 0, 

a ay o 



or, = ±-. 



fif \/ a* -^ «F* <** * 
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Ex. 2. (.v - o)*+ (y - 6)'= c*. Required dyW^ and 3^^?. 

.•• 2 (a? — a).9ya? + 2 (y - 6) = 0, 

Again, aj{(.p-ay+(y-6)«-c^} = 0, 

or, 9y{(ct? - a).9yd? + y - 6} = ; 

.-. (w - o).9ya^ + (9ya?)* +1 = 0; 

... ^. tz^ 

^ a? — a 



(a? - a)3 
Ex. 3. aP+f^—Saofy-O. Required 9^y. 

9,(^+y^-Saa?y) = 0; 
.•. 3j?*+ 3y*.9,y — Saa?.9,y - Say = 0, 

or, 07* — oy 4- (y^ — aw),dgy = 0. 

Again, 2d?-a.9,y + (y^-aa?).9^y + 2y.(9,yy-a.9,y = 0; 
.-. (y*-oa7).9*y = 2a.9,y-2y.(9^y)^-2a? 



, ay — or lay — ^Y ^ 

= 2{a.-f y. M!^ -^ 

^ if — ax Kif—awl ^ 



2a^xy 



{f-awf 



.3 



^ 2€rxy 

.'. dly^"-- -. 

(^-axf 



48 

Ex. 4. u^nt-^ e.sin u. Required d^fU. 

Since, u-^nt ^ e.An u^O, 

3.1 (w — w^ — e.sin u) = 0, 

or, 9.|W — 1 — 6.COS tt.d,|« = ; 

1 



.-. 3,4t* = 



e.costf 



Obs. Implicit functions are frequently convertible into 
eofplicit functions, and their differentials determinable by the 
rules given in th^ previous Sections. Thus in Ex. 4, the 
equation being put under the form, nt ^ u t- e.sin u, nt 
becomes an explicit function of i«, and 

9,(n^) = 1 - e.co&u\ 

.*. by Art. 16, 9,#« = , as before. 

•^ 1— e.cosii 



I 



SECTION V. 



^HB DIFPEB^NTIATION OF CERTAIN 6S0MBTBICAL AND PHYSICAL 

FUNCTIONS OF ONE VARIABLE. 

44. Many quantj|;ies occur in Geometry and Physicd 
which, from the definitions given of them, or the ideas at-» 
tached to their names, are evidently " functions'*' of each other, 
although the exact relation which subsists between them may 
be unknown or arbitrary. Thus, in a plane curve described 
according to some law, whatever that law may be, the abscissa, 
ordinate, radius vector, angle between the radius vector and 
prime radius, arc, area, direction of the tangent, &c., corres-^ 
ponding to the same point, are evidently " functions'' of each 
other ; since if a value bfe given to any one of these quantities, 
the corresponding point in the curve, and all the others of such 
quantities, become determinate. And similarly, if a body acted 
on by a continuously variable force describe a given path, 
whatever that path may be, the time of its motion from a given 
epoch, its velocity, the intensity of the force acting upon it, 
&c., corresponding to any point of its path, are ^^ functions" of 
each other. 

45. Although, so long as the relations between the above 
quantities are arbitrary or indeterminate, it is impossible to 
obtain the differential of one of them with regard to another, 
in terms ofstich other ^ it is in many cases possible to establish 
an equation between such differential and some other function, 
by means of which, when the relation is given, the differential 
may be found in terms of the quantity with regard to which 
it is taken. 

The following axioms and projpo^tions are of general appU- 
cation in establishing such equations. 

G 
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46. Axiom I. If (p x-^h increase or decrease continuously 
for the successive values of h between and some assumed 
definite quantity, the difi^erence between (f>x-\-h and <pw can, 
by diminishing A, be made to decrease continuously and become 
less than any assignable quantity. 

47. Axiom II. If the difference between — ^ and any 

h 

given function of a?, as 0a?, can, by diminishing A, be made to 
decrease continuously and become less than any assignable 

quantity, — - — = d}w^ when is substituted for h, 
h 

48. If %8 equal to (poc^ when is substituted for A, 

(px is^ or is equal to^ the differential of u with regard to a?, 

or dgU. 

For since — ^ is equal to (pa? when is substituted for h; 
h 

if it be expressed in terms of .v and //, the corresponding 

function will be equal to (px^ when is substituted for A, and 

must therefore be capable of being reduced to such a form, 

that when is substituted for A it becomes either the function 

0«i7, or some other function equal to it. Hence (Art. 6.) 0a? is 

or is equal to the differential of u with regard to <2?, or 9,w. 



49. If A,^^ he between h,(pw and h,(p a-'+A for all 
values of A between and some assigned definite quantity, 
and (px-^h increase or decrease continuously between those 
limits of h, d^u = <px. 

For it follows from the hypothesis, that 



HxgU ^ h.(px = a quantity not > A. •[0a?+A -^ 00?}, 



IS^u 



and .-. — — ^ 00? =s a quantity not > {0ti?+A '^ <px\^ 

for all values of A between and the assumed quantity ; and 
by hypothesis (px-^h increases or decreases continuously be- 
tween those limits of A ; 
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Hence, by diminishing A, (Art. 46.) (j) w + h'^(f>a}^ and 
therefore — r— '^0^> ™*y ^^ made to decrease continuously 
and become less than any assignable quantity. 

.'. (Art. 47.) ' = 00?, when is substituted for A, 

A 

and .-. (Art. 48.) d^u = (pw. 

We now proceed to the investigation of some of the 
equations above referred to for determining the differentials 
of certain geometrical and physical functions. 



GEOMETRICAL FUNCTIONS. 

Obs. The propositions which follow respecting curves 
apply to those only which are described according to laws 
rendering the abscissae, ordinates, &c., '^ functious^^ of each 
other. 

CURVES BEFEBRBD TO TWO RECTANGULAR CO-ORDINATES. 

60. In a plane curve referred to two rectangular co- 
ordinates, to find the differential of the ordinate with regard 
to the abscissa in terms of the angle which the tangent 
to the curve at the corresponding point makes with the 
aofis of abscisscB. 

Let AXy ^F be the axes of co-ordinates; P, Q points in 
the curve between which the ordinate, and angle which the 
tangent to the curve makes with the axis of <r, increase or 
decrease continuously ; 

AM(w)y and MP(y), the co-ordinates of P; 

AN(w^h), and NQ, the co-ordinates of Q; 

PTj Qt, the tangents to the curve at P and Q intersecting 
the axis of d? in T and t. 



52 



Let TP produced meet JVQ, produced if necessary, in S ; 




«. 



Draw PR parallel to AX meeting NQ, produced if necessary in R ; 

andP« 0,1 

Then, since the magnitude of the angle which the tangent 
to the curve makes with the axis of ^ depends upon the abscissa 
m according to some law, the tangent of that angle must be a 
*' function^ of x ; and if this function be represented by 00?, 

tan PTX = 00?, 



and tan QtX » ^ + A. 

Also, SR = PR.XsoL SPR = Jf JNT.tan PTX, 

.'. SR = h»ibjf 



and similarly, sR = A.0 w-{- h. 

But since, by the hypothesis, the ordinate, and angle which 
the tangent to the curve makes with the axis of or, increase 
or decrease continuously between the points P and Q, it is 
evident that the magnitude of QR is between SR, and sR 
for all points in the curve between those limits; therefore, 
since QR is A,y, 
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A«y is between h.ipof and A.0 w ^k^ 
for all values of h between and MN. 

And, since the angle which the tangent to the curve makes 
with the axis of x increases or decreases continuously between 
the points P and Q, and consequently between the above limits 

of A, the goniometrical tangent of that angle, or a? + A, also 
increases or decreases continuously between those limits. 

Hence, (Art. 49.) 

= tan PTX. 

Obs. As the equations to curves referred to rectangular 
co-ordinates are generally given immediately between x and y, 
the above equation can rarely be necessary for determining d^y. 
It will, however, serve for determining the direction of the 
tangent to a given curve at any point — the curve being given 
by its equation referred to rectangular co-ordinates — and will 
also be found useful in determining the differentials of some 
other geometrical functions. 

Note. By following the construction described in the 
proposition three other figures may be drawn, corresponding 
to the case when the angle PTX increases continuously from 
P to Q, and to the cases when the ordinates decrease con- 
tinuously from P to Q. 

51. In a plane curve referred to two rectangular co- 
ordinates^ to Jind the differential of the arc with regard to 
the abscissa in terms of the differential of the ordinate with 
regard to the abscissa. 

Let AX^ AY, be the axes of co-ordinates, P, Q, points 
in the curve between which the curve is wholly concave or 
convex to the axis of <r, and the angle which the tangent 
to the curve makes with the axis of x increases or decreases, 
continuously. 

AM(x), MP (y), the co-ordinates of P, 

AN(x-{-h)y JVQ, the co-ordinates of Q; 
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TPVS^ ts FQ, tangents to the curve at P and Q inter- 
secting each other in F, meeting the axis of x in T, t^ and 



Y 


r 

4 


s 


.^ 






R 






t A 

* 


T m: ?f :•; 



meeting or intersecting the ordinates JVQ, JlfP, produced if 
necessary, in S^ 8. 

Draw Pfi, Qr parallel to AX meeting JVQ, MP pro- 
duced if necessary, in iZ, r. Join P and Q; and let the arc 
BP^ measured from any assumed point B^ be represented by 8. 

Let the secant of the angle which the tangent to the 
curve makes with the axis of a?, and which is evidently a 
function of .2?, be represented by 0<2?, so that secPT^=^«-, 

sec QtX = <p X -\- h. 

Then, since the arc PQ is wholly concave or convex to 
the axis of w^ it is evident from the construction that the curve 
PQ and the rectilinear figure PVQy terminated at the same 
points, have their convexities in the same direction, do not 
cut each other, and cannot respectively be intersected by a 
straight line in more points than two; 

.•. by Lemma i, page 28, the arc PQ is in magnitude 
between the chord PQ and PFn- VQ the perimeter of the 
rectilinear figure PVQ, 
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Again, if each of the equal angles SQVy VsPhe > & right 
angle, 

VS is >VQ; 

.-. PS(^ PV+ VS) is >PV+ VQy 

and .*. I >arcPQ. 

Also, Qs is < chord PQ, 

and .-. <arcPQ. 

Hence, when each of the equal angles SQVy VsP h > a 
right angle, the arc PQ is in magnitude between PS and Qs. 
And the same may in like manner be proved, when each of 
the angles SQV^ VsP is = or < a right angle. 

Therefore, since the angle, which the tangent to the curve 
makes with the axis of ^, increases or decreases continuously 
between the points P and Q, the arc measured from P to 
any point between P and Q is in magnitude between the parts 
of the tangents at those points intercepted between the cor- 
responding ordinates, produced if necessary. 

Now, PS = PR.sec SPR 

= MN.sec PTX 

Also, Q« = Qr.sec«Qr 

= J/JNT.sec dtX 



= h»<b CD '\- h. 

And, PQ, is A^^*. 



Hence, A,* is between h,(^x and h.<^ oo^- A, for all 
arcs measured from P to any point between P and Q, and 
consequently for all values of h between and MN. And 
since the angle which the tangent to the curve makes with 
the axis of as increases or decreases continuously between the 

points P and Q, (J) w -\- h^ the secant of that angle, increases 
or decreases continuously between the above limits of h ; 

.'. (Art. 49.) dgS = (f>a^. 
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But ipx^9ecPTX^y/\ * {XmPTX)' 

from which, when the equation to the curre is given between J? 
^oaA ff^ c,9 may be found in terms of x and y, or of dther of 
them in case the given equation between x and jf can be solved. 

CoK. Since c,« = ^s— 

ex 



c* = ox. \/ 1 + I ::^ I 

vex; 

= V(cxy + (Py)'. 

Note. The Note appended to Art. 50. is iqpplicable to 
this proposition also. 



52. In a plane eurtse referred to redanguiar 
nates, to find the differential with regard to the abscissa of 
the AREA hounded by the curce^ the ajris of abcissiBj the 
ordinate, and any other assumed ordinate. 

Let AJC, J F, be the axes of co-ordinates. 

P and Q points in the 
curve between which the or- 
dinate increases or decreases 
continuously. 

AM{x), MP(y), 

co-ordinates of P, 

AN{af^h), ATQ, 

co-ordinates of Q, 

BC the assumed ordinate, 

BPMC (4) the area. 

Draw PJJ, Qr parallel to AX meeting NQ and MP 
produced if necessary in £, r; and as y is a function of Wy 
let it be represented by 0^. 
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Then MP = 0a? and JVTQ = x^h. 

But since by hypothesis the ordinate increases or decreases 
continuously between the points P and Q, it is evident that 

area PMNQ is between rectangles PMNR and QNMr, 

i.e MN.MPy and MN.NQ; 

and that any other similar area intercepted between MP and 
the ordinate to any point betwixt P and Q will be between the 
corresponding rectangles. 

Therefore, since PMNQ is A,-4, MN^h, MP^<p(c, 
and NQ^ipof+h, 

l\gA is between A.0<r and h.^w-^h 

for all such areas, and consequently for all values of h between 
and MN\ and since by hypothesis the ordinate, and therefore 

00? + A, increases or decreases continuously between those 
Umits of A, 

.-. (Art. 49.) ^sA = 0a? 

from which, when the equation to the curve is given between 
a? and y, d^A may be found in terms of a?, provided that the 
given equation can be solved with respect to y. 

Note. As in Arts. 50 and 51, three other figures may be 
drawn here also. 

If the curve were referred to oblique co-ordinates the 
area PMNQ would lie between the parallelograms PMNR 
and QNMr, 

i.e. between MN.MP.sin YAX, and MN.NQ.sia YAX. 
Therefore, if z YAX « i, 

AgA is between A.0a7.sin i and A.0a7+A.sini, 
for all values of h between and MN; 
and reasoning as before, 

BgA s0a7.sini 

ss y.sin i. 

H 
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CURVES RBFBRRED TO POLAR CO-ORDINATES. 

Def. a curve (see Fig. Art. 53.) is said to be referred 
to polar co-ordinates when the equation to it is given between 
the line SP9 called the " radius vector'^ ^ (drawn from a given 
point S^ called the " pole'", to the corresponding point F in 
the curve,) and the angle JSP which such radius makes with 
some other assumed radius SA, which latter radius is called 
the ''prime radius". The angle ASP is sometimes termed 
the ''' generatitbg angle'". 

53. In a plane curve referred to polar co^^ordinatesj to 
find the differential of the radius vector in terms of such 
radius and the angle which it m^akes with the tangent at 
the corresponding point of the curve. 

Let /.ASP{0)y SP(r) be the polar co-ordinates of any 
point P of the curve, SA being the " prime radius**'. 

And let OM(fp), MP(y) be the rectangular co-ordinates of P, 

OB(a), BS(b), S, 

considered as respectively referred to the axes OJT, OYy one 
of which, OXj is parallel to ^S^^. 




Then ^ = a— r.cos0, 
^ = 6 + r.sind; 

/. d^of = r.sin 6 - cos^.3er, 
9gy = r.cos + sin O.d^r ; 



.-. 9,y = 
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d^y r.cos 9 + sin O^B^r 
d^x r.sin Q — cos 9,d^T 

r.dfO + tan 6 



r.drO.tanO'-l ' 
.\ (Art. 50.) tan STP = 9,y « - tan {0 + tan"^ (r.3,e) } ; 

.-. STP ^ lB(fi - 9 - tan-' {r.dr9) ; 



.-. tan-> (r.a,0) « 180° - + ^TP 

.-. r.9^0 = tan iSPjP, 
and 3or « r.cot ^PT. 

From this equation the angle which the radius vector makes 
with the tangent to the curve at any point may be determined, 
when the equation to the curve is given referred to polar 
co-ordinates. 

Cor. 1. If the radius vector be represented by — , as is 
sometimes the case in Treatises on Dynamics, 

r u 

.-. taniSPT^- ^ 



9e«^ 

Co&. 2, If the perpendicular from the pole upon the 
tangent be represented by p, 

der = r.cot SPT 

^r.y/(cosecSPTy-l 



.,V5- 



P 



P 
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54. In a plane curve referred to polar co-ordinates, to 
find the differential of the arc with regard to the ^* generating 
angle'" in terms of the radius vector and its differential with 
regard to the same angle. 

If the curve be considered as given by an equation 
between rectangular co-ordinates, the differential of the arc 
taken with regard to an arbitrary variable is determined from 
the equation 

ds « \/{3a?)*+(3y)*. (Art. 51.) 

And, if the same curve be also referred to polar co- 
ordinates, the prime radius being parallel to the axis of w, and 
a, h being the rectangular co-ordinates of the pole, as in the 
preceding Article, w and y are functions of r and Q deter- 
minable from the equations 

w ^a- rcosd, 

y = 6 + r sind; 

hence, 3^ = r.sin0.30 -cos6.9r, 

dy = r.cos 6.d0 + sin O.dr ; 

.-. ida;y+ (dyy^ r».{(8indy + (cos0y}.id0y 

+ {(sine)«+(cos0y}.(^r)^ 

.-. ds^y/r^.idey+idry 

and, des = y/i* + (dery. 

From this equation, when the equation to the curve is 
given between r and 0, des may be found in terms of 0, pro- 
vided that the given equation can be solved with respect to r. 

Cor. 1. Since ds = dQS»d0f and 3e^ = 57;> 

o0 



= y/ir.dey + idr)\ 
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CoE. 2. If r = - , 

u 






Cob. 3. If the perpendicular from the pole upon the 
tangent be represented by pj 

p = r.sin SPT 



cosec SPT 



y/l + (cot SPT)'' 



v. . (-f) 



\/r*+(9er)* 



2 



Or, if r = - , p = 






1 

or = — 



pu^ 



Also r^90 = p,ds, 

Obs. The equations deduced in the corollaries of this 
and the preceding Article are of frequent occurrence in 
Treatises on Dynamics. 
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55. Lemma. If the angle at the centre of a circle 9uh- 
tended by an, arc which is equal to the radius be taken as 
unity 9 and be the number of such angles in a given angle, 

Q 

the area of the corresponding sector of the circle = -.{radiusy. 
Divide the given angle Q into angles each equal to a, 

Q 

then the number of such angles is-. Join each two adjacent 

a 

points in which the lines forming these angles meet the circum- 
ference, and also draw tangents through the same points, so 
as to form an inscribed and a circumscribed rectilinear figure : 
then it is evident that the area of the sector is always between 
the areas of these two figures. 

Now, if a be the radius of the circle, the inscribed figure 

9 
will consist of — triangles, each having two sides » a and 

a 

including an angle a; and the circumscribed figure will be 

9 a 

equal to — triangles, each having two sides s a.sec — and 
a S 

including an angle = a ; 

9 1 
.'. area of inscribed figure = — .-.a*.sina 

a 2 



9 .sina 
2 



-.o*. 



circumscribed = — .-. ( a.sec- 1 .sino 

9 g sing / aV 
2 a \ ^) 

TT . sinad 2 . sinad ^ f / aV \ 

Hence, sector -^ .-.a* is < .-.a^,{ | sec - 1 '^ 1 J , 

a 2 a 2 W 2/ I' 
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or, sector -^ (1 + a quantity not > tan - and not neg.)~ '.— .a'* 

a 

is < (l + a quantity not > tan - and not neg.)"^-.a* 

x{(sec|)'^l|, 

for all values of a between the limits and d; And since, when 

a is diminished, sec- approaches continuously to 1, it is 

evident that the above difference can, by diminishing a, be 
made to decrease continuously and become less than any as- 
signable quantity; 

.-. sector = (l + a quantity not > tan - and not neg.)"^- a% 

when is substituted for A ; 

Cob. If Stt represent the whole circumference of a circle, 

area of circle = 7. (radius)^. 

66. In a plane curve referred to polar co-ordinates^ to 
find the differential with regard to the generating angle of 
the AREA hounded by the curve, the radius vector, and any 
other assumed radius. 

Let SA be the prime 
radius, P and Q points in 
the curve between which 
the radius vector increases 
or decreases continuously. 

JSPi0), SPir) 
the co-ordinates of P, 

the co-ordinates of Q ; 

SB the assumed radius, 
BSP(r) the area; 
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PR, Qr circular arcs described with center aS', meeting SQ 
and SP9 produced if necessary, in R and r. 

And, since 1^ is a function of 0, let — be represented by 00 ; 

SP* ,^ S(¥ 



then, '^(pOt — = 00+A; 

But, since by hypothesis the radius vector increases or 
decreases continuously between the points P and Q, it is 
evident that the area PSQ, is between the circular sectors 
PSR and Q,Sr\ and that any other similar area intercepted 
between the radius SP and the radius corresponding to any 
point in the curve between P and Q will be between the cor- 
responding circular sectors. 

Therefore, since PSQ, is Ae F, z PS(i « A, and the cir- 

h k 

cular sectors PRS^ QSr are equal to -.(SP)\ and -.(SQY 

respectively, 

AqV is between A.0d and h,<f>0-\'hy for all such areas, 
and consequently for all values of h between and PSQ. 

And since, by hypothesis, the radius vector, and consequently 
<p6-{-hf increases or decreases continuously between , those limits 
of A, 

From this equation, when the equation to the curve is 
given between r and 0, 9e V may be found in terms of 0, pro- 
vided that the equation can be solved with respect to r. 

r* 1 

CoE. 1. Hence 3F= —.30, and if w = -, 



2u 



and 9r= — 1.90. 
2ur 
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Cob. 2. If the curve be also given by an equation 
between rectangular co-ordi- 
nates, the origin of co-ordi- 
nates being aS', and AS pro- 
duced the axis of w; and if 
SB be the assumed radius 
bounding the area BSP(V)f 
and be the assumed ordinate 
bounding the area bcMP(A); 
it is evident that 

V:=^A-PSM'bcSB, 
which last area is a constant quantity (C) ; 

(Art. 52.) = y.dx — ^ (y.9^ + ^.3y) 

= ^ (y-3^ — 0B,dy), 

SURFACES AND SOUDS CONSIDERED AS FUNCTIONS OF ONE VARIABLE. 

57. In a surface formed by the revolution of a plane 
curve referred to rectangular co-ordinates round the awis 
•of abscissiB^ to Jlnd the differential of the svrface^ bounded 
by the circles whose radii are respectively the ordinate and 
any other a^sn/med ordinate^ with regard to the arc of the 
generating curve. 

Let AX, AY he the 
axes of co-ordinates; P, 
Q, points in the curve 
between which the ordi- 
nate increases or decreases 

continuously ; BC the as- 

sumed ordinate; BP («), 
MP (y), the arc and ordi- 
nate corresponding to P; 
5Q(« + A), N(i, the arc 
and ordinate corresponding 
to Q; iS the surface formed 
by the revolution of BP round the axis of w. 

I 




c 



m: 



w 



X 
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Then A,S is the surface formed by the revolution of PQ. 

Now, since the ordinate increases or decreases continu- 
ously between P and Q, it is evident that A,«S is between the 
cylindrical surfaces which would be formed by the revolution 
of a straight line « PQ at the distances MPy NQ respectively 
from the axis, 

i.e. A,S is between 27r.JfP.PQ, and 27r.iVQ.PQ; 

and it is also evident that the surface intercepted between the 
circle described by MP and that described by the ordinate to 
any other point in the curve between P and Q will be be- 
tween the corresponding cylindrical surfaces. 

But MP is a function of the arc BP or « ; 

.-. if Qtt.MP be represented by 0«, 

27r.iVQ will be represented hy (j) 8 + h. 

.*. A,S is between h,(ps and A.0 « + A, 

for all such areas, and therefore for all values of h between 
and PQ ; and since by hypothesis the ordinate, and therefore 

(f> s -k- h^ increases or decreases continuously between those 
limits of A, 

(Art. 49), d,S^(p8 

= 2 Try. 

And SS = 2Try.ds. 

58. In a solid formed by the revolution of a plane curve 
referred to rectangular co-ordinates round the aads of abacissiB^ 
to find the differential with regard to the abscissa of the 
VOLUME bounded by the circles whose radii are respectively 
the ordinate and any other assumed ordinate. 

Let AJC, AY he the axes of co-ordinates, (fig. Art. 57.) 

P, Q points in the curve between which the ordinate increases 

or decreases continuously ; 

BC the assumed ordinate ; 
AM {pD)y MP{y)<i co-ordinates of P, 
AN (^ + A), JVQ, co-ordinates of Q ; 

V the volume intercepted between the circles described 
by CB and MP. 
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Then A, V is the volume between the circles described by 
MP and NQ. 

Draw PRy Qr parallel to JX^ meeting JVQ, MP, pro* 
duced if necessary, in R and r. 

Since the ordinate increases or decreases continuously 
between P and Q, it is evident that A^^ is between the 
cylinders which would be formed by the revolution of the 
rectangles MPRN^ and Mr QN, round the axis AX, 

i. e. between ir.MP^.MN, and ir.NCt.MN ; 



and assuming ir.MP^= (px, and .•. Tr.iVQ^ = a? + A, and 
proceeding as in the preceding proposition, it may be shewn 
that 

And 3r= iry^.dx, 

59. To find the differential of the volume of a body 
(which is bounded by a surface generated according to some 
law) with regard to the distance from a given plane of 
a section of the body made by a plane parallel to the given 
plane, in terms of the area of such section. 

Let YAZ be the given plane, 
Ppy Q^ sections of the body made 
by planes parallel to YAZ, between 
which the areas of such sections 
increase or decrease continuously. 

JM(af), AN{x^h) the dis- 
tances of the planes Pp, Qq from 
the given plane. 

A the area of the section Pp ; 

V the volume of the body cut oflF by the plane Pp ; 
V+AsV Qq; 

And as the area ^ is a function of a?, let it be represented 
by 007, then the area corresponding to Q will be represented 
by tP + h. 
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Now, since by the hypothesis the areas of the sections^ 
parallel to the given plane increase or decrease continuously 
Between P and Q, it is evident that the volume intercepted 
between Pp and Qq is in magnitude between the cylinders 
whose height is h and whose bases are the areas of the sections 
at P and Q respectively ; and that the same wiU be true if 
any other point between P and Q be taken for Q. 

Hence, A^K is between A.0^ and h,(l)W'\-h 
for all values of h between and MN. 



And by hypothesis <f)w + h increases or decreases conti- 
nuously between the same limits of A, 

.-. (Art. 49.) 9,r=^cP 

Hence also, dV^A.dw. 

CoE. If the body be formed by the revolution of a plane 
curve about AXj and if PM ^y^ A = Try*, 

.*. 9r= 7ry*.3^; as in Art. 58. 

CUBVBS BEFBRBED TO THBSB BECTANGULAB OaOBDINATB& 

60. In a curve either plane or of double curvature 
referred to three rectangular coordinates, to find the angles 
which the tangent to the curve at a/ny point makes with the co- 
ordinate planes in terms of the differentials of the co-ordinates. 




Let AX^ AY9 AZ be the axes of co-ordinates, BP the 
curve, AM (jv), MN{y)^ NP(x) co-ordinates of P; PT 



69 

the tangent at P meeting the plane XAY^ or the plane 
of my^ in T. 

Join TN\ then PTN is the angle which the tangent 
makes with the plane of coy. 

Let CN be the projection of the curve formed by 
drawing perpendiculars ffom every point between B and P 
to the plane of wy\ then it is evident that the surface 
formed by these perpendiculars is cylindrical, and may 
therefore be developed or unrolled. Suppose it to be so un- 
rolled and made to coincide with the plane PTMj the line 
PN being supposed fixed. 

Then the curve PB will become a plane curve lying 
in the plane PTN ; and NC wiU become a straight line in 
that plane coinciding with JVT; and if C coincides with C, 
CNj NP may be considered as co-ordinates of the curve 
BP when reduced to a plane curve in the manner above 
described. 

If therefore CN = c, CN = a ; 

and tan PTN = 5- . (Art. 50.) 

do- 
But o- is the arc of the plane curve CN whose co-ordinates^ 
are w and y^ 

.*. 3(r = V (9i2?)^+ (3y)*i 
.-. tan PTJV^ =—====== ; 

and the angles which the tangent to the curve makes with 
the other co-ordinate planes may be found from similar 
equations. 

Cob. If Q^j Syj 0», be the angles which the tangent to 
the curve at any point makes with lines drawn through 
that point parallel to the axes of co-ordinates a?, y, z re- 
spectively, 

since / PTN = 90° - 9^ ; 



/. cot 0, = 
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Sx 1 

or, tan 6, « y/i?»^f + (3«y)^- 



Similarly, tan 9y = \/(3y«r)^+ (3y«y 



tan0,= v^(a,y)^+(a,i^)«. 



61. //I o cwrve ei^Aer j^Zane or o/ double curvature 
referred to three rectangular co-ordinates^ to Jind the dif- 
ferential of the ARC in terms of the differentials of the 
co-ordinates. 

Let AX, AYj AZhe the axes of co-ordinates, (fig. Art. 60.) 
BP the curve, B being some assumed point in it; CN the 
projection of BP on the plane of <ry, formed by drawing 
perpendiculars from every point in BP to the plane of wy ; 

AMQv), MN(y)y and NP(x), the co-ordinates of P; 

and let the arc BP measured from the assumed point B be 
represented by s, and the arc CN measured from the corres- 
ponding point C be represented by o-. 

Then, in the same manner as in the preceding proposition, 
BP may be considered as developed into a plane' curve, the 
co-ordinates of which are CAT, NP, or <t and x ; 

.-. (Art. 51.) ds = \/(d(Ty + (<dxy, 

And since CN or a is the arc of a plane curve, whose 
co-ordinates are w and y, 

(day^idxy + idyf; 
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PHYSICAL FUNCTIONS. 

62. If a body considered as a point move with a con- 
tinuotisly varying velocity ^ to find the differential of the space 
described with regard to the time of its motion from a given 
epoch in terms of the velocity at the end of sitch time. 

Let APQ be the path of the p^^^ 

body; P, Q points between which 
the velocity increases or decreases 
continuously. ^ 

AP{s) the space described by the body in the time t from 
the given epoch, 

-^Q («+At«) the space described by the body in the time 



t'\-h from the given epoch ; 

V the velocity at the point P : — 

and, as V is a function of /, let it be represented by cpt; then 
the velocity at Q will be represented hy (p t -\- h. 

Since by hypothesis the velocity increases or decreases 
continuously between P and Q, it is evident that the space 
PQ is in magnitude between the spaces which would be 
described by the body moving uniformly during the time h 
with the velocities at the points P and Q respectively, i. e. with 

the velocities (pt and <pt-\-h\ and that the same will be true 
if any other point between P and Q be taken instead of Q. 



Hence, Aj* is between h,(pt and h.(pt'\-hf (Whewell's 
Mechanics 5th Ed. Art. 104.) for all values of h between and 

its value at the point Q ; and by hypothesis (pt + h increases or 
decreases continuously between the same limits of h, 

.-. (Art. 49.) 9t« = (pt 

= V. 

Hence also, ds^v,dt. 



72 

63. If a body considered as a point be acted on by 
a continuously varying force in the direction of Us motion^ 
to find the differential of the velocity of the body with re- 
gard to the time of its motion from a given epoch in terms of 
the force at the end of such time. 

Let JPQ (Fig. Art. 62.) be the path of the body ; 

P, Q points between which the force increases or decreases 
continuously : 

V the velocity at P corresponding to the time t from the 
given epoch; 

V + A|V the velocity at Q corresponding to the time t -^h 
from the given epoch ; 

/ the force at P; and, as / is a function of t, let it be 
represented by 0^, then the force at Q will be represented 

by 0^ + A. 

Since by hypothesis the force increases or decreases con- 
tinuously between P and Q, it is evident that the velocity 
generated in the time h of the body^s motion from P to Q 
js between the velocities which would be generated in the 
same time by the forces at the points P and Q respectively, 

i.e. hy (pt and ^^ + ^9 acting uniformly; and that the same 
will be true if any other point between P and Q be taken 
instead of Q. 



Hence, At« is between h-fpt and h.(pt + hf (Whe well's 
Mechanics, Art. 114.) for all values of h between and its 

value at the point Q ; and by hypothesis (pt-\-h increases or 
decreases continuously between the same limits of A, 

.-. (Art. 49.) dtv = ^t 

=/• , 

Hence also, Sv =ifdt. 

CoE. If the force vary continuously it is evident that the 
velocity will also vary continuously ; and therefore if s be the 
space described by the body in the time t^ when acted upon by 
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a continuously varying force^ and v the velocity at the end of 
the same time, 

d^8 = ©, (Art. 62.) 

and 9^1?=/, 

Also, /= d^v 

64» Xn a continuous body of uniform density generated 
according to some law^ to find the differential of the su/m of 
the products of every particle multiplied by its distance from 
a given plane with regard to the mass of the body terminated 
by any plane parallel to the given plane. 

Let the plane YAZ at right 
angles to AJU^ be the given plane; 
BPQ the section of the body made 
by the plane YAX; AM{w)j AN, 
the distances from the given plane 
of the planes parallel to it through 
P and Q; 





M N 



X 



m the mass of the body terminated by the plane through P, 
m+h ,...,, Q; 

M the sum of the products corresponding to the mass m^ 
M-^-AgM m + h; 

and, as «r is a function of m, let it be represented by (jym ; 
then AN will be represented by ^m + h. 

Now, it is evident that the sum of the products of every 
particle of the body intercepted between the planes through 
P and Q multiplied by the distance of such particle from the 
given plane will be between the products of the whole mass 
intercepted between those planes multiplied by the distances 

K 
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AM and AN respectively ; and that the same will be true if 
any point between P and Q be taken instead of Q. 

Hence, AmJf is between A.0m and h.<^m-\-h^ for all 
values of h between and its value corresponding to the point 

Q; and it is evident that the distance (p m + h increases con- 
tinuously between the same limits of A, 

.-. (Art. 4.9.) d^M-<f^m 

And 3 JIf = a}.dm. * 

Cob. 1. If the body be of uniform thickness (t) with its 
plane faces parallel to the plane YAX^ and if A be the area 
of one of the faces, and therefore the area of the section of the 
body by the plane YAX^ and p the density of the body, 

m = p.t.A ; 

.-. Sm = pt.dA 

= pt,y,dx (Art. 52.) 

and SM = pt,wy.dx. 

Cob. 2. If the body be a shell of inconsiderable thickness 
generated by the revolution of a physical line about the axis 
AX^ S its surface, and a the arc BP of the section BPQ, 

m=z pS; 

* If the body be supposed to be acted on by the force of gravity in direction 
paraUel to VA, JIT is the ^^ moment^* of the body round the horizontal axis AZ; 
and since, when a body is acted upon by gravity its moment round an horioontal 
axis is the same as if the whole mass were collected at its ^^ centre of gravity, ^^ 
it follows that, 

mass of the body x distance of centre of gravity from F^Z= whole moment^ 

and .*. if 7 be this distance, 

, ^ whdLe moment 



X — 



mass of body 

_M 

~ m 

m 

the symbol / indicating the operation by which, according to the principles of the 
<^ Integral Calculus," M is obtained from hM, 
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= p-^'n-y^dsj (Art. 57.) 

= /o.27ry.\/(3.r)'^ + (3y)', 

and 3Jf a= p.2Trwy^(dwy^ + (9^)*- 

CoE. 3. If the body be a solid of revolution whose axis 
is AJT^ and volume F, 

.*. 8m = p,dV 

= p,Try^.dw^ (Art. 58.) 

and 3 Jf = p.7r«a?y^.3a7. 

From these several equations, when the relation between 
<r and y is given, the value of 3,ilf may be found in terms of <r ; 
and the same method may be extended to any other body of 
given density when the differential of its volume is known. 

65. in a continuous body of uniform density, to find 
the differential of the swm of the products of every particle 
multiplied by the square of its distance from a given line 
with regard to the ma^s of the body terminated by any cylin- 
drical surface which has the given line for its awis. 

Let SA be the given 
line; PQRqpr the section of 
the body made by a plane 
through S at right angles to 
SA ; PMp, QNq, sections 
of the plane PQRr by cy- '^ 
linders which have SA for their common axis, and between 
which the mass of the body increases or decreases continu- 
ously ; SM{r), SN, the radii of these cylinders; 

m the mass of the body terminated by the cylinder through P, 

W + A , Q; 

fi the sum of the products corresponding to the mass >w, 
fi-^AmHi w + A; 



PQ. 
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and, as r^ is a function of m, let it be represented by ipfn ; 
then SN^ will be represented by m + A. 

Now, it is evident that the sum of the products of every 
particle of the body intercepted between the cylinders through 
P and Q multiplied by the square of the distance of such 
particle from the given line will be between the products of 
the whole mass intercepted between those cylinders multiplied 
by the squares of the radii SM and SN respectively; and 
that the same will be true if any point between P and Q be 
taken instead of Q. 



Hence Aa/m is between <pm and ip m + h^ for all values 
of h between and its value corresponding to the point Q; 

and it is evident that SN\ or ^m^h increases continuously 
between the same limits of A, 

.•. {Art. 49.) 9./UI =r ipfn 

And 3/4 = f^.dm» * 

* The quantity ^, detennined from the equation d/A=r'.dm by the rules of the 
faitegial Calculus, is called the '' moment oflnerHa^* of the body about the given line. 
{See Whewell's Dynamics^ Part 11. Art 206.) 



SECTION VI. 



DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLES. 

66. If a quantity be a function of several others which 
are independent of each other, or are treated as such, its 
variation may arise from the variation of one only of such 
quantities, or of all or any number of them considered as 
arbitrary functions of an undetermined variable; such latter 
functions being independent, when the several quantities are 
independent of each other. 

Hence the differentiation of functions of several variables 
may be considered under the two heads of ^^partiaV^ differ- 
entiation and ^^totaV* differentiation. 

Thus, if .r^.sin^ be considered as a function of w and y, 
its "partial differential*^, obtained by supposing a? only to 
vary, is 2x,siny (Art. 6), y being treated as a "constant^* 
quantity : — ^its " partial differential*", obtained by supposing y 
only to vary, is ar^.cos y (Art. 54) ; and its " total differential'', 
obtained by supposing both w and y to be functions of an 
undetermined variable and to vary, is 2a?.siny.9a7 +«r*.cosy.3y 
(Art. 23) ; in which last expression, if <v and y be independent 
of each other, both dw and dy are arbitrary and independent, 

^gain, if af.sinw be considered as a function of x and sina?^ 
the ** partial" and "total'' differentials are respectively sin a?, a?, 
and sin <v.d<r + ^-3 sin<r, in which last expression Sw and dsino? 
are arbitrary but not independent of each other, since they are 
connected by the equation dsin<r «= cos^.d.^. 

It is evident from the mode in which the " partial" and 
^^ total" differentials are obtained that the results will be the 
same whether the variables are in fact independent of each other^ 
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or are merely treated as such, and that the consideration of 
the relations (if any) which subsist between them need not be 
introduced until the process of differentiation has been com- 
pleted. 

Hence any general propositions proved for differentials of 
functions of independent variables will hold for diflFerentials of 
functions of dependent variables, unless the proof of any such 
proposition depends upon the fact that the variables are 
independent. 

Hence also, the propositions proved in the preceding Sec- 
tions respecting differentials of functions of one variable will 
apply to ^^partiaV* differentials of functions of several vari- 
ables, or to ^^totar* differentials of such functions considered 
as functions of an undetermined variable. 

PARTIAL ' DIFFERENTIATION OF EXPLICIT FUNCTIONS 

OF SEVERAL VARIABLES. 

67. If «^ be a function of several variables w^ y, «f, &c., 
and if for one of them as x the quantity «r + A be substituted, 
the other variables being left unchanged, the resulting ** differ- 
ence**' of u is called the " partial difference with regard to a? of 
v?"*^ and is represented by A(y)W, the symbol A(^) standing for 
the expression " partial difference with regard to w of. Simi- 
larly, A(y)t/, A(j)W, &c. respectively represent the partiid dif- 
ferences with regard to ^, ^, &c. of u. 

Also, ii 00 -^h be substituted for w in u^ and the process 
pointed out in Art. 6. be completed, the other variables being 
left unchanged, the resulting quantity is called (as in Art. 66.) 
the ^^ partial differential with regard to w of u^^ and is repre- 
sented by 3(^)W, the symbol 9(^) standing for the expression 
^^ partial differential with regard to w of". Similarly 3(y)«5 
3(^)t*, &c. respectively represent the partial differentials with 
regard to y, %^ &c. of u. 

Again, since S^^^u may contain x either with or without 
the other variables, it may itself have a partial differential 
with regard to a?, which is called the " second partial differen- 
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tial with regard to .a? of u'\ and which, according to the above 
notation, will be represented by 3(af)^(T)**> ^^ more simply by 

^lg)U Similarly, the n*^ partial differential with regard to x 

oi w, if there should be any such function, will be represented 
by 3",)W, and the corresponding differentials with regard to y, 
z, &c. by 3^)W, d^^u, &c. 

But d(.^)^ may contain y^ %, &c., and may therefore have 
partial differentials with regard to each of those quantities, 
which will be respectively represented by d^^d^^^Uj d^^^d^^^u, &c.; 
and these latter functions may also have partial differentials with 
regard to w, y, x, &c., which will be respectively represented 

^(y)^(«)^U)^> ^(z)^U)^5 ^^- ^^^ generally the m^ partial dif- 
ferential with regard to a? of the n^^ partial differential with 
regard to y of the p^^ partial differential with regard to «r of 
the function u will be represented by ^Z)^l/)^t)'^' 

Thus, if w = «r^y^, 

d^^^u = 2a7y^ (Arts. 6 and 14.) 
^(y)U = 3a?'y 

^(y)^(l)^ = 9(y)(22/^) = 62/'; and so on. 

It will be shewn in a subsequent proposition that the 
order in which the above processes of differentiation are per-r 
formed is immaterial. 

68. Axiom. If a?, y, », &c. A, k^ I, &c. be quantities 
which are independent of each other, or are treated as such, 
any equation, which subsists between them or any functions 
of them when A, A;, l^ &c. are indeterminate, will continue to 
subsist when is substituted for all or any of the quantities 
A, A?, /, &c„ provided that by such substitution no term 
becomes indefinite. 
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69. Iffi^i y) be a function of x and y, its partial 
differential with regard to w when y + kis substituted for 
y will be the same whether the substitution is made before 
or after the differentiation. 

For, if the substitution be made before the diflferentiation, 
the function becomes y(<r, y + k)9 and since the partial differ- 
entials of the functions y(<r, y + Ar), andy(a?5 y) with regard 
to <r are found by treating y+k and y as constants, it is evident 

that the partial differential o{J^(w, y+k)^ or 3(,)y(^j y+^)> is 
the same function of <v and y + k, that the partial differential 
ofy(<r, y), or 9(,)y(^>y)» is of a; and y; and therefore that 
this latter quantity becomes identical with the former, when 
y + k 18 substituted in it for y. 

Thus, 3(^)(a?^.ay) = 2^.a^, which becomes S^.o^*"* when 
y + k is substituted for y. Also 9(,)(a?*.ay"'"*) = Say.a^*''*; i. e. 
the result is the same whether the substitution be made before 
or after the differentiation. 

70. If u be a function of w and y^ and h and k be 
arbitrary and independent increments of x and y respec- 
tively^ ^^l , ^^^ become equal to d^^^d^^u when is sub- 
sHtuted for both h and k. 

Let u =y(a', y), then 



^(y)» is /(a?, y+&) -fix, y) 



^{.).^(»)« is /(*+*> y+k)-f{w+h,y)-{f(a!,y+k)-f{a!,y)} 
therefore, 



^(.)^(y)« - ^ f /(j^+A.y+*)-/(a^+A,y) f{ii!,y+k)-f{w,y) \,^^ 
hk h\ k k \^' 

If now be substituted for k, no change being made in 
A, the part within the brackets { | becomes 

- 9w/(«+A. y) - 3to)/(«. y) ' 
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But d^^^f(jjD-\-hy y) is the partial differential with regard to y 
o{J^{wyy) when<r + ^ is substituted for a? before differentia- 
tion, and is therefore equal to the partial differential with 
regard to y of f(jX'i y) in which such substitution has been 
made after differentiation (Art. 69). Hence, the above quantity 
is the partial " difference'' with regard to a? of the function 



1 



and .-. jjj{9(y)/(a?+A, y)-3(y)/(^» v)} becomes =9(,)9(y)«*, 

when is substituted for h. 

But since the result arising from the substitution of for 
both h and k in any function must be the same whether those 
substitutions are made together or successively, it follows that 
upon such substitutions being made the right side of equation 
(1) becomes = 9(,)9(y)/(a?, y) or 9(,)9(y)«^; 

" ^'\k^^ becomes = 9(,)9(y)W, 
when is substituted for both h and k. 

71. In Jinding partial differentials of a function of 
several variables, the order in which the processes of differ- 
entiation are performed is immaterial. 

Let u =/(a?, y), 
then A(y)Wis/(a?, y+A;)-/(a?, y) 



A(,)A(y)W is/(a?+A, y+A?)-/(a?+A, y)- {f(w, y'^k)'-f{xy y)\ 



=^f{a}+h, y+k)''f(w, y'\-k)'-{f(a^+h, y)-f(off, y)] 

= A(y)A(,)W; 



hk hk 



an equation subsisting between x, y, h and A:, when h and k 
are indeterminate ; and since the quantities on each side of the 
equation become respectively 9(^)9^)W and 9^)9(^)W, when is 

L 
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substituted for both h and At, each side of the equation must 
be capable of being reduced to such a form that when is 
substituted for h and Ar, no term becomes indefinite, and 
therefore (Art. 68.) the equation will continue to subsist when 
such substitution is made; 

. Hence also, 9^,)3(y)W = \^)\)^(^)U 

And the same reasoning may evidently be extended to 
higher orders of differentials, and to functions of a greater 
number of variables. 

Ex. 1. Let u^af^,y^. 

Again, d^^^u = naT.tf^^ ; 

Ex. 2. Let u = o^.sin^ + y.Ana. 

d^^^u = siny + ^.cosci? 
9fy)W = sin« + w.cosy 

9(y)3(*)«^ = cosy + cos*» = 9(,)9^y)tt. 

Ex. 3. Let u = ofy^. 
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9(,)3(y)W = ^ = 9(y)9(,)W; 
9(,)9(,)W = y = a<,,a(,)W; 

•'• ^(zAA»)^ = 1 = 9<«)9u)9(y)« = 9^,)9(,)9(y)W = 9u)9<y)9^,^u 

TOTAL DIFFERENTIATION OF EXPLICIT FUNCTIONS 

OF SEVERAL VARIABLES. 

72. To find the ^^ total differential of an explicit 
function of several variables^ considered as arbitrary func- 
tions of an undetermined variable^ in terms of the several 
^^ partial differentials'''* of the function with regard to the 
given variables and the differentials of the variables them- 
selves with regard to the undetermined variable. 

Let u he & function of w and 9, then, if w and y be 
considered as functions of an undetermined variable, u may 
be treated as a function of the same variable. 

Now, du the total di£Perential of u with regard to the 
undetermined variable found by the methods given in the 
preceding sections will obviously consist of quantities multi- 
plied by either 9<v or dy, the differentials of x and y; and if 
such quantities respectively be collected together an equation 
will be obtained of the form 

du = P.dx + Q.9^, 

P and Q being functions of a? and y only. 

Again, the partial differential of u considered as a function 
of w only is found by treating y as a constant, wherever it 
occurs in the expression u. Hence, this partial differential 
must be equal to the right side of the above equation when 
is substituted for 9y, i.e. to P.9a?. But (Art. 20.) the same 
partial differential of u is equal to the product of the differ- 
ential of u considered as a function of x only and taken with 
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regard to <r, (or the partial differential of u with regard to x), 
and the differential of x with regard to the undetermined 
variable, i.e. to d^^^u.dx, 

.'. d^^u.dx ^ P,dx, 

and 9(,)« = P- 

Similarly, a^^w^Q; 

« 

In the same manner, if t^ be a function of a greater 
number of variables, a?, ^, jst, &c. it may be shewn that 

du = d^^^u.dw + d^^^u.dy + d^^^u.dz + &c. 

in which equation, if a, y, i^, &c. are independent of each 
other, the differentials dx, 9y, 3af, &c. are both arbitrary and 
independent ; but if w, y^ «, &c. are dependent on each other, 
the above differentials also, though arbitrary, will depend on 
each other. 

Cob. It is sometimes convenient to take the differentials 
with regard to one of the quantities, as x, occurring in the 
function; in that case, since d^x ^ 1, the above equation, by 
Art. 21, becomes 

dgU = 9(,)W + ^^y)^^.^,y + 9oc)«^-9x^ + &c. 

in which, if x, y, z, &c. are independent of each other, d^y, 
dgZf &c. are arbitrary and independent. 

Ex. 1. Let u = x^'y required d^u. 
S(,^u^y.x^'\ (Art 27.) 
d^^^u^loggX.x^f (Art. 31.) 

.-. 9,w«=9(,)W + 9^,t^.3,y 

^y.x^-^ + loge x.x^.d^y 
»a!^'\{y + loge cr.a?.9,y}. 
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Ex. 2. Let u^wyz^ required hu. 

.-. = yx,dw + x%.dy + ofy.dx, 

Ex. S. « = a?^ + y^ — Sawy ; required 3^». 

3^^^^ = 3a?^ — Say 
3^y,« = Sy*-3a<r; 

.-. 3,af = 3^,)« + 3^y)^.3,y • 

= 3 (a?^ - ay) + 3 (gf^ - aw).d^y. 



/ 0^ f/^ 



Ex. 4. «=c.Vl-— -— ; required 3,«. 



Ex. 5. z^=:adsin 0+5c.sin 0, in which and (p are depen- 
dent variables connected by the equation adcos^-6c.cosd=77»; 
required d^u. 

d(Q^u = 6c.cos05 

3(<^)t^ = ad.cos d) ; 

.'. 3ew = 6c.cos + adcos 0.300. 
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But 6c.8in 9 - ad.sin 0.8^0 « ; 

^ , 6c sinO 
' ad sm 

and .*. Squ = ftc.cosd + bccosA,-, — - 

^ sin0 

sin0 

73. To ^nd the total differentials of higher orders 
of an ewplicit function of several variables^ considered as 
arbitrary ftmctions of an undetermined variable, in terms 
of the partial differentials of the ftmction with regard to 
the given variable and the differentials of the variables 
themselves with regard to the undetermined variable. 

Let f^ be a function of x and y, then 

du = 3(,)W.9j? + 3(y)f*.9y, (Art. 72.) 
.*. cfu = 3 (3(,) w.3<r) + 9 (9(y)W.9y), (Art. 22.) 

= 9^,)W.99af + 9a7.99(,)W 

+ 9^y,w.99y + 9y.99^y,u, (Art. 23.) 

Now w and y being considered as functions of the unde- 
termined variable, 99^ is 9^^, and 99^ is d^y. Also ^^g)U and 
^^y)U being functions of oj and y, 

99(,)tt = 9fy,tt.9a? + 9^y,9<,)W.9y 

99^y)tt = ^\y)U.dy + 9<,,9^y,w.9a?. 

Hence, substituting these values in the above equation, 

c^u = 9^^^w.9^^ + 9*,)W.(9«a?)* + ^^y)'^(g)U.dw,dy 
+ S^)U.S^y + 9fy)W.(9y)^ + 9^,)9^y)W.9a?.9y. 

And since d^^^d^^^u = ^^^^^^y^Uy (Art. 71.) 

d^u = 9*,)W.(9^)*+ 2.9^,)9^y)W.9^.9y + S^iy)U.{dyy 

+ 9(,,w.9^j? + 9^y,w.9^y. 
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Cor. 1. If the differentials be taken with regard to one 
of the variables in the function, as w^ since d^sl, and 
3^0? = 0, the above equation becomes, (Art. 21.) 

Cob. 2. K <v and y be considered as arbitrary simple 
functions of the undetermined variable, or of one of the vari- 
ables, as x^ occurring in the proposed function, d^, dy and d^y 
are constants, and therefore 3* a?, 3*y, and d\y are respectively 
equal to 0. 

Hence on this supposition the above equations become 
d^u = 3*,)tt.(9j7)2 + 2.3(,)3^)W.3<r.3y + ^\y)U,{dyf, 

3> = 3^,)W + 2.3^,)3^y,w.3,y + 3^y, w.(3,y)^ 

But this supposition cannot be made unless the variables 
X and y are either independent, or simple functions, of each 
other. They may, however, be connected by any homoge- 
neous equation ; since the roots of such an equation solved as 
to one variable are always simple functions of the other. 

The above methods may evidently be extended to func- 
tions of a greater number of variables, and to higher orders 
of differentials. 

» 

Thus, if u =^f{(By yyx); 

du s= 3^,)tt.3a? + 3^yjW.3y + 3^jp)«.3», (Art. 72) ; 

.'. 3*w = 3 (3^,) 7^.3^) + 3 (3^jW.3y) + 3 (3^,^ w.3») 

= 3^^)^.3*11? + 3a?.33^^,f^ 
4-3^y,7*.3*y + 3y.33jy)W 

+ 3^jp) u.^% -f 3)ir,33^,) u. 
And, 33^,)W = d[^)U.dw + 3^y)3^,)W.3y + 3^,)3(,,w.3« 
33(y)W = ci\^)U.dy + 3^,)3(y,7*.3a?H- 3^,)3^y)W.3» 
33^,) u ^ 3f,) u.d% + 3<,)3^,) u.dx + 3^y,3^,) u.dy ; 
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+ 3^,,w.(3^)* + 3^,w.(3yy + 3^,)t^.(3i»)*. 

And the methods employed in the preceding corollaries, may 
be similarly introduced here also. 

74. From Arts. 72, and 73, may be deduced a method 
of differentiating implicit functions of one variable differing 
from that employed in Art. 43, and possessing some advan- 
tages in particular cases. 

Thus, if y be an implicit function of <2?, given by the 
equation y(^, y) = 0, and y(a?, y) be represented by w ; by 
(Art. 72.) 

But (Art. 42.) d^u = ; 

.-. = 3^,,«^ + 3(y,«*.3,y, 

Again, by Art. 73, 

3^w = ^l^u + 2.3^,,3(y,w.3,y + Sl^u,{d^yy + ^^^^u,^ly. 

But (Art. 42.) 3^w = ; 

••• ^.y =- ^-r P?x)^ + 2.3^,,3jy,z*.3,y + 3j;^,w.(3,y)2} ; 

or, substituting the value of d,y found above, 
and so on for the differentials of higher orders. 



and d^y^-j^^. 
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Ex. 0?^ + y' - 3oa?y = 0. Required 3,y and 3^y. 

3j,)«^ = 3.r* - Say 
3^y)«s= 3y* - 3oa?; 

.3,,- ^c)^- ^-^y 

%)«* f-aw 
Again, 9^^,^ = 6x 

+ 6a.9{a^ - ay) {f - Oct?) + 6y.9 {a? - ay)«} 

2 

2a^wy 



(f - aa?)3 ■ 



DIFFERENTIATION OF IMPLICIT FUNCTIONS OF 

SEVERAL VARIABLES. 

75. To Jind the partial differentials of an implicit 
function of several variables. 

Let z be an implicit function of <» and y given by the 
equation u = 0, u being a function of a?, y and %. Then, if, 
in the function u^ y be treated as a constant, and x as a func- 
tion of Of only, u becomes a function of two variables <r and jy 
only, and its differential with regard to <r on thia supposition 
will be equal to 0. (Art. 42.) 

But this differential =9(a.)^^ + 9(«)t^.9(^)»j (Art. 72.) d^^^z 
being substituted for dgZ, since z, though treated as a func- 
tion of <r only,' is in fact a function of <r and ^. 

M 
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Hence 3,,)« + S^^u.d^^z «s o ; 

Similarly, 9^^^ = - JiiL-. 

And it is evident that, whatever be the number of the 
quantities of which iir is a function, the partial differentials of 
z with regard to such quantities may be determined by equa- 
tions of a similar form. 

Ex. 1. ayz^cf. Required d^^^isr, and d^^isr. 
3(,)W or 3(^ {wyz - a') = yz 



\)U 


= 


sbz 


9w« 


= 


xy; 


••• 9w« 


= 


yz 
aty 

z 




^^^ 




And 9^)jB 


= 


wz 
wy 

z 




~ 


y 



Ex. 2. (d?-«i!r)* + (y-6«y s=2r.(a? — a«), [the equation 
to the surface of an oblique cylinder] required 9(,)«, and a^^^ar. 

u=i{x - azy + (y - 6«r)* - 2r.(^ - a») = ; 
••- 3(,)W « 2 (a? - aj8f) - 2r 

9^jpjWbs- 2a(^-<iiir) - 2b (y - bz) + 2ar; 
^ w — az — r 

• O \ Sf ^s .«.-*— .^——— i^——^.— ——»««— •«-»«».^^- 

a (a? - az) + 6 (y - 6^) - ar 

And C7i-,.« = r — —T . 

^'" a (a? - az) + 6 (y - 6i8?) - ar 
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Ex. 3. a',h^.<f^A^ required 9^,)^^, and 9(y)^. 

w = a' fey.c' - -<< = ; 
•'• 9(,)W = a'-6^«c'.logga 

3^,)W = a'.R(f.logeC; 

. log^a loga 

log^ c logc 

loggC logc 

76. To ^Tid ^Ae /o^aZ differential of an implicit funo- 
turn of several variables with regard to any one of the 
variables. 

Let z be an implicit function of x and y given by the 
equation u^O, u being a function of ^, y, and isr. 

Then, by the preceding proposition, 

9u)W + 3(.)W.3(,,«r = o (1) 

and d^^^u + d^^^u.d^^^x -= 0. 

Multiplying the latter equation by 9,y, the total diflPer- 
ential with regard to a? of y^ 

9(y)«^-3*y + 9(*)«^-9(y)^-9*y = (2). 

And adding together (l) and (2), 

9(»)W + 3ty)t^.3,y + 9(,)W. {9u)^ + 3(y,a^.3,y} = o. 

But 9(,)« + 3(y)«'3*y = 9*^> the total differential with 
regard to a? of «; 
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from which equation the total differential of x with regard 
to a: may be found in terms of zp, y, Xj and constants, and 
the total differential with regard to of of y. 

Cob. If Of, y, and z be treated as functions of an un- 
determined variable, 

9,y = 5-, and d,af = 5-; 
da? da? 

therefore d^^^u.dof + 3. )t*.3y + d^^^u.dz = ; 

whicli determines the relation subsisting between the variables 
and their total differentials with regard to the undetermined 
variable. 

It is evident that the method of finding the above equa- 
tions may be extended to functions of any greater number of 
variables. 

Obs. If the only relations which subsist between a?, y, 
and z are given by, or can be determined from, the equation 
M « 0, it is evident that in finding d,z from the former of the 
above equations, the quantity d^y is perfectly arbitrary ; and 
that, in finding dz from the latter equation, dof and dy are 
perfectly arbitrary and also independent. 

Ex. 1. wy + ofz+yz^c; required the equation between 
d7, y, z and their total differentials. 

u = xy -^ xz + yz — c = ; 

.-. 3(,)W = y + i^ 

^(y)^ = ^ + «^ 

9^,,i^ = a? + y, 

and d^^yU.dx + d^^^^u.dy + d^^^u.dz = ; 

.-. (y + z),daf + (a? + z).dy + (a? + y)»Bz = 0. 

^ ay-hz 
Ex. 2. — = d. 

cz — ax 

ay - bz 

u = -^—' d = ; 

cz — ax 
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a.{ay — bz) 
a 



.•. 9,xt^ = 



K)^ 



cz — ax 



r. a,(hw — cy) 

K)''^-r ^' 

^ {cz - aopy 

.•. (ay — hz),dx + (c«f - ax).dy + (6a? — cy).3i!f = 0. 

Obs. In applying the above rules to particular examples 
the results will obviously be the saoie, whether the values of 
3(,)«^, 9(y)W, 3(,)« be found separately and be substituted in 
the general equations, or whether the given equation be differ- 
entiated on the supposition that two of the variables are func- 
tions of the third or all of them functions of an undetermined 
variable, and the coefficients of the respective differentials be 
collected together. 

If, as is frequently the case, in the quantity to be 
differentiated there should occur an arbitrary function^ as 
^r, its partial differential with regard to any variable, as a?, 
of which it is a function, will be found from the equation 
9(,,0r = 9^,,0r.3<,,r, (Art. 15). 

Thus, if » = 0\/^N^, let y/ai^ + y^ be represented by r, 

then z = (f>r 

and 9(,)^ = 9(,)^r.a(,jr 

Similarly 3^^ z = 9^^, r .- . 



SECTION VII. 



THE DIFFERENTIATION OF CERTAIN GEOMETRICAL AND PHYSICAL FUNCTIONS 

OF SEVERAL VARIABLES 



77- Axiom I. If (a? + A, 9 + k) increase or decrease 
continuously for the successive values of h and k between 
and some assumed definite quantity, the difference between 
(f>(af + h^y'¥k) and (f> {x^ y) can, by diminishing h and Ar, 
be made to decrease continuously and become less than any 
assignable quantity. 

78. Axiom II. If the difference between ^*\ ^^ and 
* hk 

any given function of x and y, as (f>{x^ y)^ can, by diminishing 
A, be made to decrease continuously and become less than 

A/ \A/ \U 
any assignable quantity, ^'' ^' = <f> (a?, y), when is sub- 

stituted for both h and k. 

79- // — ^'\ ^^^ ^ equal to <b (a?, y), when is sub- 
hk 

stituted for both h and Ap, ^ (<r, y) i«, or is equal to^ the 
differential with regard to x of the differential with regard 
to y of u, or 3(,)3(y)W. 

For, when is substituted for both h and k^ 

^'^ J^^ becomes equal to d^^^d^^Uy (Art. 70). 
Hence (p (x, y) = S^x)^^y)U. 
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80. If A^g)A^y)U be between hk,(p(af, y) and hk.(f){af+hf 



y -\' k) for all values of h and k between and some assumed 

definite quantities, and <l>(/v + hy y + k) increase or decrease 
continuously between those limits of k and k^ d^^^d^^^te 

For it follows from the hypothesis, that 

£^(,)\)U ^ hk.(l>(x, y) 



a quantity not > hk.{<p (a; + h, y + k) ^^ (f) (a?, y)} ; 
and.-. ^i£l^^<^(^,y) 



= a quantity not > {0 (^ + A, y + A;) '-^ (<r, y) | , 

for all values of h and k between and the assumed quan- 
tities; and by hypothesis (p{x+h, y + k) increases or decreases 
continuously between those limits of h and k. 

Hence, by diminishing h and k (Art. 77.) 



(a? + A, y + A;) -^ (a?, y), 

and therefore ^*\ J^^ -^ 0(a?, y) may be made to decrease 

ntc 

continuously and become less than any assignable quantity ; 

... (Art. 78.) ^^^^ = (^, y), 

when is substituted for h and A;, 
and .-. (Art. 79-) 3(*)9(y)«^ = (^> V)- 

Note. The above Axioms and Propositions may be easily 
extended to functions of a greater number of variables. 
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GEOMETRICAL FUNCTIONS. 

81. Lemma. If a solid angle be contained by three 
plane angles^ and two of the planes forming it be at right 
angles to each other, the cosine of the angle opposite to the 
right angle is equal to the product of the cosines of the other 
two. 

Let A be the solid angle contained by the plane angles 
BJCy CAD, DAB; and let the planes 
BAC9 CAD be at right angles to each 
other. Take in AB any point B, and 
draw BC perpendicular to AC; then, since 
any plane passing through BC is perpen- 
dicular to the plane in which AD lies, 
there must be one such plane perpendi- 
cular to AD ; let BDC be this plane ; then ADB, ADC are 
right angles; 

.'. COS BAD = — — - 

AB 

AD AC 




AC AB 
= cos CAD.cosB AC* 

82. In a curved surface referred to three rectangular 
co-ordinates, to find the differential of the area of the 
SURFACE bounded by two of the coordinate planes and any 
two other planes parallel to the former. 

Let AJC, AY, AZ be the axes of co-ordinates; 
^^9 Vi ^ the co-ordinates of any point P in the surface; 

BKPM (S) the area of the surface bounded by the co-ordinate 
planes w%, y%, and by planes parallel to them through P; 
KPR, MPQ being the intersections of the latter planes with 
the surface ; and let two other planes also be drawn parallel 
to these through a point aS^ in the surface, so as not to cut 
the surface BKPM. 

* One of Napier^fl Rules. 
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Then it is evident that the surface aS^ is a function of the 
arcs ilf P, KP ; and if these be represented by a and <j respect- 
ively, and PQ, PR by h 
and k respectively, it is 
also evident that 



JfPiZJV is A(^, 5 



S. 




and PQSR isA(,)A<^, 

If now a line equal to 
the greatest section of the 
surface PQSR by a plane 
parallel to ^isr be moved 
from PQ to RS in such a 
manner as always to have 
one of its extremities in the 
line PR, to lie in a plane 
parallel to offss, and to coin- 
cide at every point with the surface, it is evident that it 
will pass over a portion of the surface not less than PQSR. 

Again, it is evident that the portion of the surface so 
passed over will not be greater than the parallelogram passed 
over by a straight line of equal length, moved parallel to 
itself along another straight line equal in length to the greatest 
section of PQSR by a plane parallel to xy, and making with 
this latter line an angle equal to the greatest angle between 
any sections of PQSR by planes parallel to xw, xy. 

If therefore I and \ be the lengths of any sections of 
PQSR by planes parallel to xw, xy, and 9 the angle between 
them or any other similar sections, it is evident that PQSR 
is not greater than the greatest value of /.X.sind; and similarly 
it may be shewn that it is not less than the least value. 

Now let j3 be the angle between PQ, PR at the j>oint P, 
then 

PQ.PR. sin ft is one of the values of /.X.6ind; 

.'. PQSR ^ PQ.PJZ.sinjS is not greater than the difference 
between the greatest and least values of l.\,sm9; 

N 
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PQSR 

.*• -^^sin/S is not greater than the difference between 

PQ.PR ^ 

the fireatest and least values of •zr^'^^rzL'A^O' 
^ PQ PR 

But, by continuously diminishing PQ and PRy the dif- 
ference between the greatest and least values of sin9 continu- 
ously diminishes; and therefore, if PQSR be taken such 
that the difference between the greatest and least values of 

— - and -— — respectively also continuously diminishes, 

can, by diminishing h and k, be made to decrease continuously 
and become less than any assignable quantity ; 

C0B4 If Ty t be the angles which the tangents to the arcs 
PQ, PR at the point P make with xy^ it will be easily seen that 

= sec T.sec^.sin/3. 
Also by Lemma (Art. 81.) 

cos/3 « cos (90° - 7').cos (90° - t) 
ssinT.sin^; 
.•. secT.sec^.sin/3 = secT.sec^.v^l — (sin T^sinty 

= \/(sec Ty.(secO' - (tan r)^(tan^)* 
« y/l + (tan Tf + (tan^* ; 

••• K)^i!,)S - \/i + (9u)»y + (a(y)»)'- 

Obs. The same values of S^gfi^y)S will evidently be 
obtained, if ^S', instead of being bounded by the co-ordinate 
planes zw, zy, be bounded by any other planes parallel to 
them. 



99 



83. In a body bounded by a curved surface referred 
to three rectangular co-ordinates^ to find the differential of 
the volume bounded by the co-ordinate planes and any 
two other planes parallel to two of the former^ 

Construct the fig. as in the preceding Proposition^ and 
let V represent the volume Bp. Then it is evident that the 
volume Ps is A^^^A^y)V; and it is also evident that this 
volume is not greater than the parallelopiped whose base is 
pqsr and altitude the greatest of the ordinates parallel to 
AZ for the several points in PQSR, and not less than the 
parallelopiped whose base is pqsr and altitude the least of 
such ordinates. 

But, if kl=^hy and mn = ky pqsr = h.k; 

.'. A(,) A(y) V is not > h.k. x greatest ordinate for PQSR || to AZ. 
and not<A.Arx least ordinate 

.-. ^^ ^^^ — is not>greatest ordinate 

n»/€ 

and not<least '. 

But Pp, or %j is one of these ordinates ; 

• • ^*l , ^^ ^ % is between the greatest and least of the 
above ordinates. 

And if the points Q and R be taken such that, for every 
point, as S, in PQSRy the ordinate parallel to AZ increases 
or decreases continuously, the above difference may, by di- 
minishing both h and A?, be made to decrease continuously, 
and become less than any assignable quantity; 

.-. A(;p) A(y) F = ijf, when is substituted for h and k; 
Cob. Since 3(,)3(y)F=»; .-. 9<,)3(y)9(,) ^= 1. 
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PHYSICAL FUNCTIONS. 



84. In a body of tmiform density bounded by a curved 
surface referred to three rectangular co-ordinates, to find 
the differential of the "moment,''* about one of the axes 
of co-ordinates, of a portion of the body cut off by the co- 
ordinate planes and any two other planes parallel to the 
two co-ordinate planes which intersect in that cusis. 

Construct the fig. as in Art. 82; and let M be the 
"moment'' of the mass Bp about the axis AZ\ then, 
A(^)A^)Jlf is the "moment" of the mass Ps about the same 
axis. And it is evident, that this latter ^' moment" is greater 
than it would be, if the whole mass were collected at p, and 
less than if it were collected at si — ^also that the mass Ps 
is greater than the parallelopiped whose base is pqsr and 
altitude the least of the ordinates parallel to AZ for the 
several points in PQSR, and less than the parallelopiped 
whose base is pqsr and altitude the greatest of such ordinates. 
Therefore, if p be the density of the body, 

A(,) A(y) Jf is > p,af.h.k x least ordinate for PQSR \\ to AZ. 
and <p.aff+h.h.k x greatest 

But « is one of these ordinates; 

••. A(,)A(y)if '^p.a?.A.AF.ar is < p,af+h.h.k x greatest ordinate 

'^p.xJh.k X least 

. — (f) — (jf) — .^p,oD.z is < p.x+h X greatest ordinate 
A.Af '^ '^ 

'^p.tT X least 

Hence, by diminishing h and k, 

— ^^Y"^f^ — '^p.a?.af may be made to decrease continuously and 
become less than any assignable quantity ; 

• Vide page 73. 
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,-. ^'^ <y^ — — p,a!,%y when is substituted for h and k ; 

hk ' 

Cor. Hence also 9^^)9jy)3^^)Jlf =sp.a?. 

85. In a body of uniform density bounded by a curved 
surface referred to three rectangular co-ordinates^ to Jind 
the differential of the " moment of inertia,"* about one of 
the a^es of co-ordinates^ of a portion of the body cut off by 
the co-ordinate planes and any two other planes parallel to 
the two co-ordinate planes which intersect in that axis. 

Construct the fig. as in Art. 82, and let fx be the ^^ moment 
of inertia" of the mass Bp about the axis AZ. Then pro- 
ceeding in the same manner as in Art. 84, and supposing Ap, 
As joined, it may be shewn that 

A(,) A(y)M is >p.Ap^.h.k x least ordinate for PQSR \\ to AZ. 

and <p.As^.h.k x greatest 

And that, by diminishing h and k, 

^'^ Jy^ ^^p.Ap^.z may be made to decrease continuously and 
become less than any assignable quantity. 

Thus ^*\ ^^ , when is substituted for h and A, be- 
h»k 

comes equal to p.Ap^.%; 

And 9^,)9<y)9(,j fi = p.(af^ + y*). 

• Vide page 76» 



SECTION VIII. 



GHANOE OP THE VARIABLE OF DIFFERENTIATION. ELIMINATION OF CONSTANTS 
AND FUNCTIONS. VALUES OF FUNCTIONS APPEARING UNDER THE FORM ^. 



I. CHANGE OF THE VARIABLE OF DIFFERENTIATION." 

Expressions, which involve differentials taken with regard 
to a particular variable, may .be transformed into equivalent 
ones, and complex expressions may sometimes be simplified, by 
changing the variable of differentiation^ i. e. by substituting 
for such differentials other quantities equivalent to them in- 
volving differentials taken with regard to a different variable. 

The following Propositions exhibit generally the method 
of determining the quantities to be so substituted. 

86. To find 3,t*, 3^t*, 9^w, <S-c. in terms of the differ- 
entials of u and w taken with regard to any other variable 
of which u and x are considered functions. 

(1) 



(2) 



3,t^ 


= ^- (Art. 20.) 

ox ^ 


^w 


r. SU 

ox 




1 p3w 

9^17'" dx 




1 dx.d^u - du.^x 




~ dx' (dxy 
dx.^u - du.d^x 



0wy 

* The "variable of difibrentiation" is sometimes called the "principal variable," 
and also sometimes the 'independent variable." 



(s) 3jt^ = a. 
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1 ^dof.d^u-du.df^w 

And the same method may be extended to differentials 
of higher orders. 

87. To find 3,w, 3^w, 3^t^, ^•c. m ^erw« o/" the differ- 
entials of x taken with regard to u. 

(1) 3,w = 5— (Art. 16.) 



3«a? *9„a? 



(a.»)» ■ 

dtof 



« ':»-«-(-{-^) 



1 9 / ^^ \ 

And the same method may be extended to differentials 
of higher orders. 

Obs. The values thus determined for d^u^ d^t^, ^^Uj &c. 
may be deduced from those obtained in the preceding Article 
by substituting u for the undetermined variable, and observing 

that 3„« — 1, 3^WaB0, 3Jw=:0, &c. 
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It is evident from the form of the equations in the two 
preceding Articles that the order of any expression, deter- 
mined by the highest order of differentials contained in it, 
will not be altered by changing the variable of differentiation. 



Ex. 1. Given R^^ ff * , required the equivalent 

general expression for R when the variable of differentiation is 
changed to any other. 

Since 3,y = ts— , 
and cfly = ^g--. { Bx-d^y - Sy.dPx \ ; 

... if- K8y + (W 
dy.d^w — dx.d^y 

Ex. 2. Transform OJy - ^p.3,y + 6^.(3,^)^ = into the 
equivalent equation in which the differentials are taken with 
regard to y. 



Since 3^^ = 


3^0? 


and 3,y« 


1 



9i^ 1 « 1 

{d^wf dyW (dywf 
or ^0? - w.{dywY + es' « 0. 

Ex. 3. Required the equation equivalent to 

' I -or 1 - .r* 

in which is the variable of differentiation and a? ^ cos 0. 

Bqw = - sin 6y 
3^a? = — COS0; 
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••• ^ly = 7g-^ { 9e^.9a2/ - ^ey^^e^} (Art. 86.) 



{sin O.^y - cos ^.3ey}> 



(sin 0) 



3 



or 3e» + y = o. 

II. ELIMINATION OF CONSTANTS AND FUNCTIONS. 

88. If t^ = be an equation subsisting between the two 
variables w and y, then (Art. 42.) w = 0, S,u-0, 9^w = 0, &c. 
are equations which hold for the same values of w and y^ 
and therefore any constant which appears in any two of these 
equations may be eliminated between them. In the same 

manner any n constants which appear in w+1 of those equap- 
tions may be eliminated between such equations. 

Hence, generally, to eliminate n constants from any 
equation, u must be differentiated successively n times with 
regard to the same variable, and the n constants eliminated, 

in the usual manner, between the w + 1 equations w = 0, 
dgfU = 0, 3^«=0 9"w = 0. 

It may happen, from the particular form of the proposed 
equation, that the constants to be eliminated will disappear 
by differentiation only; and such a form may frequently be 
given to the equation without much trouble, by solving it 
with respect to the constant to be eliminated. Thus, if it be 
required to eliminate a from the equation o?^ — 2ay — a^ = 0, 

we have a^ + 9,ay + y^ = ar^ -{■ y^ ; .*. a + y = y/a? +y^, and 
differentiating, 3xy = — ? =■ an equation not involving a, 

v^ + y^ 

and holding true for the same values of od and y as the 
proposed equation. 

O 
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It may also happen that more than n constants can be 

eliminated by means of n+l equations, but in such cases it 
will be found that two or more of the constants thus elimi- 
nated may be considered as one in the original equation. 

Ex. Required to eliminate the *^ constants^ a, 6, r, from 
the equation (a? - o)' + (y - by = r*. 

Since (a? *-o)* + (y- 6)*-r' = (l) 

a? - a + (y - 6).3,y = (2) 

and 1 + (9,y)' + (y - 6).3iy = (3); 

from which latter equation a and r are eliminated. 

Also, by (2) and (3) 

ar-a = ^.{l + (8.y)*}; (4) 

from which b and r are eliminated. 

And, again, by differentiating (3) and eliminating 6 be- 
tween the resulting equation and (3), or by differentiating 
(4) only, all the three constants a, 6, r, will disappear. 

89. The elimination of particular functions occurring 
in the equation u -fip^ V) — ^ ™^y ^Iso be effected by dif- 
ferentiation in nearly the same manner as the elimination 
of constants. 

Thus, \l u^O contain some irrational function of one 



m 



of the variables (w) as t?», o,w«0 will involve a new quantity 



2-1 - 1 



u"" , or «".— . Hence, between the two equations w = 0. 



m 



d t^ s 0, the quantity t?" may be eliminated. 

If the function to be eliminated from w = be of the 
form a**, or log v, or any " inverse goniometrical function,'' 
as sin'^t), cos'^v, &c., no new function of the same class will 
be introduced by differentiation, and the original function 
will either not appear in 3,w = 0, or may be eliminated be- 
tween w =5 and d,u = 0. 
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It us^O contain sin t?, d^u^O will contain cosv, for 

which \/l — (sinv)* may be substituted, and therefore sin v may 
be eliminated. — Similarly for any other goniometrical function. 

By reasoning similar to the above it will appear that two 
of the above functions may be eliminated between the three 
equations t«aO, 3,i^ = 0, 3*w = 0; and, generally, n of such 

functions may be eliminated between the n+1 equations u=0, 
9,tt B 0, d^^u = 0,...82f* = 0. 

Ex. 1. M«aa? -y \/? + ^ = 0, (l), required to elimi- 
nate the irrational quantity. 

d^u -= a - 9,y.\/a* + OB^ - * i ' = 0. 



aw 



But by (1) \/o*+^ = — ; 

y 



aw ^ y* 

.•. a .d,y = 0. 

y a 



Ex. 2. w sa y - cos"^ - = ; to eliminate the inverse tri- 

w 

gonometrical function. 

9,w « 9.y + > =0; 



^ y - a?.9,y 



Ex. 3. y a€*.cosa^, to eliminate e' and cos or. 

Since y - e'.cos^ = (l) ; 

•'• 9#y -e'.cosa? + 6*.8ina? = , (2), 

and ^y + 2€*.sind? = (3); 

.-. by (1), (2), and (S) ^y - 2.9,y + 2y - 0. 
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90. If t« B be an equation between three variables, as 
47, y^ z, X being considered a function of w and j^, the three 
equations w = 0, d^^^u + d^^^u.d^^^z = 0, 9^)^+ 9(,)W.9(y)« = 0, 
hold together for the same values of the variables (Art. 75) ; 
therefore one constant or function occurring in any two of 
these equations may be eliminated between them; and two 
constants or functions may be eliminated between the three 
equations. In like manner by proceeding to higher orders 
of ^^ partial differentials^ a greater number of constants or 
functions may be eliminated. 

Also, since, when u ^fipcy y, «) = 0, by Art. 76, 

3(,)W.9a7 + 9(y)W.3y + 3^,) w.3« = 0, 

a constant or function 'may be eliminated between these two 
equations. 

Ex. (^ + y + «)•€' = c ; required to eliminate €*• 
t^ s (^ + y + «).e* - c = 

^^^^u = 6* + (a? + y + ») e*; 



.-. €*.(9j?+ 9y + 9iif+a? + y + «f.9«f) = 



and 9a? + 9y + 9» + a? + y + «.9«f = 0. 

91. The functions hitherto eliminated have been of 
known forms, but general or arbitrary functions also may 
be eliminated by the same methods. 



Ex. 1. af = ^\/^+j^; required to eliminate 0^«*+y*' 

Let \y c? + y* be represented by r. 
Then 9(,)2f = 9(,)0r.9(,)r 
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and 9(y)« = 9(;)0r.^; 



Ex. 2. y --nx^Fw^mx; to eliminate Fw—mx. 

Let w •- mx be represented by r, then 

y - w« — -Fr = 0; 

.-. - d^r)F''' - (w-w.3^^)jF'r).9(^)« = (1), 

and 1 - (w - w.9^,)Fr).9(y)» •= (2); 

^^r^FT.{l - m\)X) = - w.9(,)«, 

and - d^r)Fr.m.d^^)X « 1 - w.9(y)i8f ; 

1 - m\)X ^ n.S^^ ^ x 
^•9(y)» 1 - n\^x ' 
or m.9^,)« + w.9(y)»»0. 



Ex. S. y^Fw-^at+J^cff^at; required to eliminate both 
the general functions. 

Let (V + at be represented by r, and w — at by «, 
then y = Fr H-^i ; 

••• 9(^)y = 9(^)JPr.9(,)r + 9(,,/«.9(.,)ir 
= 9(,)Fr + 9(,)/*. 

9'y = ^l)Fr\)T + 9J,)/«.9(,)« 

-9?,,Fr + 9t,A 
9(£)y = 9(^)Fr.9(,)r + 9(,)^.9(,)« 
= «-9(,)Fr-a.9^,)/«. 
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•92. If u^O be an equation between w and y, involving 
n constants, a, 6, c, Sec.,* we may, by differentiating merely, 
or between the two equations t««0, d^t^sO, eliminate one of 
the constants, as a, and obtain what is called the ^^ first 
derivative'*' of the " primitive" « = 0. If 6 had been elimi- 
nated instead of a, a different ^^ first derivative^^ would have 
been the result; and thus n different ^^ first derivatives" 
may be obtained, each of which will contain n—l constants. 

By again difi^erentiating and eliminating, we may obtain 
*^ second derivatives" in which two constants will have dis- 
appeared, and the number of these will manifestly be equal 
to the number of combinations of n things taken two and 

_ n-1 
two, that IS, n. . 

Similarly, the number of "derivatives of the r*^ order," 
in which r constants have disappeared, is 

n.(w- !).(»- 2) (w— r+1) 



The number of " w - 1 1*** derivatives" in which only one 
constant remains is n; and, lastly, the number of ^^n^^ de- 
rivatives," in which all the constants have disappeared, is 1. 

CoE. A "derivative of the n^ order" has n "first pri- 
mitives," w. "second primitives," and, lastly, one original 

** primitive" involving n arbitrary constants. 



III. VALUES OF FUNCTIONS WHICH APPEAR UNDER 

THE FORM ?. 

93. Functions of one variable, as a?, which are made 

to assume the form - by giving some particular value, as a, 

to the variable, may frequently be put under the form 

— -T r- , where m and n are both positive, and P and Q 

Q.(jv - ay '^ 



Ill 

do not become equal to when a is substituted for w. In 

such cases the value of the function under the form - may 

be obtained by dividing the numerator and denominator of 

'-— —- , by (a? - a)" or {po — a)", according as m is > or 

y.(<!i? — ay 

<n^ and then substituting a for w in the result. 



Thus, if fw = w, the result will be 



IqL' 



If w>n, 0. 

If m<n, 00, infinitely great. 



{(a^ — a^y\ 
T3 8\#i 
(ar — a )*]x=a 



(a^ - a^)i (ai^ -\- aon + a*)*, (a? - a)^ 

{x 4- a)^ 

2 \* 



/ 2 \3 

.-. the value required = ( — j . 



94. When the reduction of the proposed function to 

the form —^ ^ is either difScult or impracticable, the 

value of the function when a is substituted for x may fre- 
quently be more easily found by differentiation. 

Let - — be the proposed function, then since fx and 

(f>x respectively become equal to when a is substituted for 
47, they will also be equal to when a? + a — a?, or a? + A, is 
substituted for a?, h being a quantity which becomes when 
a is substituted for <r; and, therefore, 

p 

* This notation signifies the value of -^ when a is substituted for jr, or when x=a. 
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(fa>+h-fa,)-i-h 

(0 J?+ A- (pw) -r h 

But the numerator and denominator of this latter fraction 
become respectively d^J^w^ and 3^0a? when is substituted 
for A, or tV becomes a; 






which latter function may not appear under the form -, and 
will in such case give the value required. 







should appear under the form -, the same 



process as before being repeated will give 






and .-. I^L—l = I '•^ > ; and so on, 

until a fraction be obtained which is not of the form -. 



CoE. If 7^ — , the first of the fractions which does not 

00 

become - when a is substituted for ^, is of the form — , 

CO 

the numerator and denominator must be respectively inverted, 



' 1 



in which case the resulting fraction < 



3:/ 



jff 



f will be of the 



K<i^^, 



«=:a 



form - and may be proceeded with as before. 



113 



Ex. 1. Required the value of { > 



Let N represent the numerator and D the denominator. 



w 



Then d^N = i»*+Mog^a? - a^+Mog^a, .-. (9»JV')^_i = loge- 

a 



d.D=l 



and (3,D),=_, = 1 ; 



•'• Q,..r^°^'^^- 



Ex. 2. Required the value of i 



a -\/o* — 



tT 



2 



-1 

'*=0 



a.iv= 



d? 



V a* — a?* 



3,D = 2i»; 






^'^"(rfT^' (Art. 29); ••• (a^JV),=o = ^. 



D = 2; 



••• (^,^)«o = 2. 



Vl>/«„ 2a' 



Ex. 3. Required the value 



»'{(-?)■ 



taniT 



Lf' 



The proposed function appears under the form x oo , 

COtiT \jp:-Z 

I J 2 



but may be put under the form - thus, ■ 



114 



II, ibi> <••«*' 


• 




'=2 '^ 


^ /).-(«»«*)*; 


.-. (9.2)) ,— i; 



•=2 



jr=a 



IT 2 

.% the value required is — or — . 

*~ 1 TT 

^ If, in functions which can be put under the form 
P.(r^ *j_ ^ m and w are both fractional, it is clear that by 

the mediod of differentiation alone the factor which is common 
lo the numerator and denominator can never be made to dis- 

aim«r, and therefore the resulting fractions i^^ — ) 
J-iL-l , &c. will always be of the form -. Hence in 

kW- . 

sodi cases the method by differentiation is inapplicable ; and 

functions of this kind must either be actually reduced to the 

P.(a? - a)" 

fytm —--- ^ and have their values found, when a is sub- 

Q.(jv - ay 

stituted for «r, as in Art. 92, or be treated in the manner 
pointed out in Wood^s Algebra, Art. 376. 10th Ed. 

96. If 4t^ be a function which becomes - when 
(f) (a?,y) 

some particular values are substituted for w and y, F{xyy)^0 
being an equation by which the variables are connected, the 

value of . . ^ ^ in such case may also be determined by 

differentiation. 

For, if the value of y in terms of <r be obtained from the 
equation /'(a?,y)saiO, and substituted in *^ \ ^ -, the resulting 
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fraction will then be a function of x only, and will fall 
within the method given in Art. 9S. And therefore, since the 
values of d«y*(^9y) and d^^^ (^jV) must be the same although 
y has not been eliminated before differentiation, the value of 

*^. . ^ in the proposed case may be obtained by differen- 
tiating the numerator and denominator^ considering y a 
function of <r, substituting the particular values of w and y^ 
and also substituting the corresponding value of d^y obtained 
from the equation 9,jP(^,y) = 0. 

Ex. Required the value of I L=^, a? and y being 

connected by the equation y* — 2aa? — o* = 0. 

Here 9,JV=9,y, 
3,2) = 1, 

and 3,y === - ; 

y 



•. the value required = | — 



= 1. 



97' If 9«y» determined from the given equation u = F{wyy) 
= 0, coincide with the quantity itself, whose value under the 

form - is required, it is clear that the above method may 

fail to give a definite result. 

In such case, however, the value of the function, or of 
d,j^, may still be found. 

For, since - ^*^ is the value of 3,«/ as obtained from 
the equation t^ = 0, (Art. 74.), it is identical with the pro- 
posed function which appears under the form - for the 
particular values of os and y\ 
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••• 3,«=— ^v'^A**^ i for those values, 

9fx)^+9A^'S.y („) 

a quadratic equation for determining the required values of 
d^y^ or of the proposed function, when the particular values 
of w and y have been substituted in it. 

If in the above equation the terms are severally equal 
to independently of 3,y, the values of d^y cannot be de- 
termined from it. In such case, however, the fraction (a) 


would appear under the form -, if any constant quantity 

were substituted for 3,y. Hence, if 3,y be treated as a 
constant, 

g ^ _ 3.(9t)^ + 8(y)8(.)t^-a.y) f^^ ^^^ particular values of w and y, 

a cubic equation for determining the required values of 9,^, 
or of the proposed function, when the particular values of 
w and y have been substituted in it. 

And the same process may, if necessary, be repeated, 
until an equation is obtained in which the terms are not 
severally equal to 0, when the particular values of a? and y 
are substituted in it. 

Obs. It is obvious, from the preceding Art., that 9^y 
has two values at least for the particular values of j? and 

y which make it appear under the form -; three, if the 

same values of ,v and y make the partial differentials of 
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the second order, viz. 3^^^w, d^^^d^^^^u, and 3^^^, severally 
equal to 0; four, if the same values of of and y make the 
partial differentials of the third order severally equal to 0; 
and so on. 

Ex. w = a?* - ayar^ + 6y^ = 0. Required the values of 
(9*!/),=o- 

9^,)W = 407* - ^aya^y 

3L)f* =12a7*-2ayl 

^ /% I which are severally equal to 0, 

0/,,d„jW = -2a^ } , -^ , ^ 

^2 z.r when iT = 0, and y = 0. 



'(y) 






3?. 

9J^)3^y)«^ =- 2o[ some of which remain definite quan- 
9(,)3fy)t^ = [ titles, when a? = 0, and y = 0. 

Therefore substituting these quantities in the equation 

is an equation for determining the required values of S^y ; 

••• (9.y).=o = 0> and ±Vl- 

y=0 



SECTION IX. 



EXPANSIONS. 



98. Lemma. I. Iv <f>{w^h) be a function of x and h 
which becomes equal to the definite function <j)w when is 
substituted for A, then, when h is diminished indefinitely^ 
the difference between A".0(j?,A) and h\^af may be made 
so sm^all that it may be neglected when compared with either 
of them. 

For h*.<p (jffyh) -^ A".0«r : h\(f>w = (pi^yh) -^ 0J^ : <f>af. 

But it is evident that, by diminishing h, the latter ratio 
and therefore also the former, may be diminished indefinitely. 
Thus it appears that A*.{0(<r,A) ^^ (f>af] may be neglected 
when compared with h*,(paf; and similarly, when compared 
with h*.<l>{Wyh). 

CoE. Hence, in any calculations or equations in which 
h'^,(p{Xyh) occurs, when h is diminished indefinitely A'.^or 
may be substituted for h*.(p{Wfh). 

Lemma. II. If a function can be put under the form 
Jj, + Ai.h + Ai^h^ + J«_i.A""' + P^.h* 

Jq, Ji, A29 <$*e. being definite functions of x only, and P^ 
a function of co and h which becomes equcU to A^ when 

is substituted for A, the series A^-^-A^.h^A^.h^-^ -i-A^.h* 

is an approadmation to the value of the function when h 
is diminished indefinitely, and the approximation will be 
the nearer, the greater n is. 

For, by Lemma I, when h is diminished indefinitely, the 
difference between P«.A* and ^,.A" may be neglected when 
compared with either of them, and A^.h* may be substituted 
for Pn-h*; therefore the latter series is an approximation to 
the function. 
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Again, since P..*" and /*,+i.A"*' respectively express the 
remainder after n and n + 1 terms, and since 

P..A"=A.A"+P.+,.A-+>; 



P..^" Pn 

But, by diminishing A, Pn— A^ may be made less than 
P„ and therefore P,+,.A"+* less than P^.A** for such value 
of h. Hence, by sufficiently diminishing A, the quantity 
neglected in taking only n terms of the series is less the 
greater n is. 

Cob. It has been proved (Lem. I.) that the difference 
between -4,.A* and P„.A*, when A is diminished indefinitely, 
may be neglected compared with either of them ; but this 
difference is the remainder of the series after ^„.A": — there- 
fore, by sufficiently diminishing A, any one term may be made 
greater than the sum of all the succeeding terms. 

99« J(f ihe number of differentials with regard to w of 
fx he limited^ so that all of a higher order than Sljw are 
separately equal to 0, then 

A" . 



J^x + Sgfx.h -H 3*y^-r-+ + ^*y^-, — is equal to J^x + hy 

whatever be the value of A. And if the number of such 
successive diff^erentials be unlimited^ the above series is an 

apprommation to the value ofj^x + h^ when A is dimin- 
ished indefinitely ; and the approooimation will be the nearer 
the greater n is, that is, the greater the number of terms 
of the series which are taken. [Taylor's Theoeem.] 

fz —fas 
For, if *^— be represented by 0(af,^), it is clear thAt 

X ^ w 

fz^J^oo + («f,a?). |« - /p J , whatever ao be ; 
therefore let a? + A be substituted for m^ then 



fz —foo + A + («, a? + A). {« - a? — A J ; 
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.'. subtracting and dividing by A, 



-•^^ , '^ + ^-^^ : ^ [x-ic] -0 {z,w + A), 

A A 

and substituting for A, the first term becomes a definite 
function 9,^^ ; (ar, a? + A) becomes a definite function 
0(»>^); therefore the remaining term of the equation must 
also become a definite function, which will consequently be 
9,0(ar,a?).{iK — .r{. Hence the equation becomes 

= dgfx'\-dg<p{z^w).\% - a}\ - (p {z^jff) (i). 

Again, by substituting «r + A for ^ in this last equation 
and proceeding as before, 

= 9jy*^ + 9*0(«^>a?).{^ - af\- 2.Sg(p(%^iV) (ii). 

Similarly 
^di/x + dl(f)(%yT).{z - w\ -S.dl(p(z,w) (in). 

And generally 

and by successively substituting in the original equation the 
values of <p{%^ai)^ dx0(^9<^)9 &c. deduced from the equa- 
tions (i), (ii), (in) &c. 

fz^jw^d.fw.^^^d'jx. .- + ...+3: 'fw.- 



w-l 



+ar>(^,^).^f^...(A). 



(l) Now, if the number of the successive differentials 
oi fw be limited to n^ so that 9*'*"^ya7 = 0, substituting n-\-l 
for » — 1 in equation (JV- 1) 



O»3:^»/r + a:^»0(^,a?).|;^-cr}-n + l.a;0(ijf,cr); 
.-. = 3*'*"'0(«,a7).{i?f-^} -n + 1.3j0(ar,a?); 

92+*0(5f,a?) _^ n + 1 
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And since -^=9,log-t«, (Art. 32.), the above equation 
u 

would have been obtained by di£Ferentiating the equation 



Hence, taking one more term of the series (A), 

t/ «/ '"^ 1 "^ 1x2 '"^ [n [n 

an equation which holds for all values whatever of w\ but 
when a^z^ c = 0, hence c is always equal to 0, and therefore 

fz =fw + a,/p.-— + aj/i;_4- + fflfw.—r^. 

(2) If the number of di£Ferentials 3,J^, ^y^> 8cc. be 
unlimited : — since 

» — a? 

o,d)(«,a?) = ^^-^ ^ 2£ — , from equation (i) 

z -^ w 

^,0(.,.).£Mfif)z^^, („) 

Z '^ w 

^^^^,,,)^'3i^^^^ .(,„) 

&c. = &c 



Also {3.0(«,«)}«» = - = j-^S^ — f^j ^1 ; 

.-. 2.{a.0(»,»)}^.-(^/r)^. 

Q 
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Similarly, S.{^0(«,a?)}^ = (^/r)^. 
And generally n.{Sl^~^<p{«yw)]^^^(drjai)g_j^; 

whicb is the value of the coefficient of (z^wy in the series 
(A) when w^«. 

Hence, by Lemma II, (since z — w corresponds to A,) 
when Z" w is diminished indefinitely, 

is an approximation to the value oi fz^ and the approxi- 
mation is the nearer, the greater n is. 

100. In both the cases discussed in the preceding Art., 
since fw^ 3,^07, ^^o?, &c. do not contain z^ these quantities 
will not be altered, whatever be substituted for z ; therefore, 
substituting x-^-h for z^ 

h A* A" 

fw + a,/a7.- + a«/r. -r^ + + ^Ar^ 

is equal iofw + h^ for any value of A, if the number of 
successive differentials oi fa is limited to n; and is an ap- 
proximation tofx-\-hj when A is diminished indefinitely and 
the number of differentials is unlimited, which may be made 
the nearer, the greater n is taken. 

Cor. It is clear that, (as in Cor. Art. 98,) by sufficiently 
diminishing A, any one term of the above series may be 
made greater than the sum of all the succeeding terms. 
Hence, the quantity neglected by taking only a certain 
number of terms reckoned from the beginning of the series 
is always less than the last of the terms taken. 
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101. The only functions of <v, whose successive differen- 
tials are known to be limited in number to n, may be put 
under the form Aaf^ + BaP + Caf^ + &c. n^ jp, 9, &c. being 
positive integers arranged in descending order of magnitude, 
and Ay B, C, &c. quantities which do not contain x. 

For functions of this kind, the equation 

fw + a,/cr.Y + ^A-rj- + + 9*/^-|^=/»+A 

may be more readily proved by means of the Binomial 
Theorem. 

Thus, if fx = A.a^ + B.aP + C.a?« + &c. 



/a? + A = ^(<» + hy + B{x + hy + C{w + hy + &c. 
= Aaf + BaP + Ca?« + &c. 
+ {nAa^-^ -{•pBap-^-hqCafl''^ +.&c.).A 
+ {w(w-l)^a?»-»+p(p-l)5a?P-«+^(5f-l)Ca?«-« + &c.} — 

L? 
+ &c. &c. +Ahr 

by the Binomial Theorem, which is strictly proved for posi- 
tive integral powers of w+h^ {Wood's Algebra, Art. 232). 

But since 

fx = Aaf + BaP + Cafl + &c. 

3,yi = »Ja?"-*+pjBai^-» + ^C^«-» + &c. 

^yi? =: n(w-l).Jc*-«+p(p-i)jBa?P-*+^(?-l).C/p«-*+&c. 



3;/a? = \n.A ; 
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102. If f« + h can be expanded by any method in 
powers of A, one or more of these powers being fracti(malj 
and the series be arranged in ascending order of magnitude 
of the exponents of A, Taylor* s series will correctly represent 
the FORM of the expansion as far as the first fraetiional 
poweTj but no farther. 

Let the series be represented by 

Jo + Ai.h + ^2.A* + + ^,.A* + 5.A" + &c. 

any of which quantities Ac, A^ A29 &c. may be equal to 0, 
and the index m being between n and n + 1- 

Then, since Sg+kJ*^+h » ^kj^x+hj 

and J^x-\-h = Jo+Ayh-\'Az,V+ +-4».A"+jB.A"+&c. 

^*+*y^+^'" -41+2^2-*+ +wJ,.A"-'+«ijB.A"""*+&c. 

3l+f,/x+h = 2-^2+ •••w(w-1).-4,.A"'"*+w(to-1).J?A""*+&c. 

^+kj^^'^h = [n.J,+i»(f»-l)...(wi-fi+l).jBA"-"+&c. 

Hence, when is substituted for A, 

fx^ Jo 

^/^ = A 2 

&C. B &c. 

&lfx = A,. 

Also, since Sl1;\/x+h = m(m'-l)...(m^n)Bh'^-'^+^^+&c. 
and m is less' than w+1, this latter quantity becomes infinite 
when is substituted for A. Hence ^g^\fx = 00 , and the 
same is evidently true of every succeeding differential o{fx, 

CoE. If the expansion of fx^-h contain a negative 
power of A, it is evident that fx^ and its successive differ- 
entials, are respectively infinite. 
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103. If the original function fwy or any one of its 

differentials, as Sj^jfa?, is infinite, then ^ = 0, or ^ ^ = 0, 

and is therefore an equation for determining x. Hence, 
conversely, this can only happen when a particular value 
is given to (jb\ and therefore sometimes, when a particular 
value is given to ^, the series in Art. 100 will not at all 
represent the' ^alue of fx-^-h^ although the coefficients of 
positive integral powers of h in its expansion will coincide 
with the corresponding coefficients in that series. 

Ex. 1. Required to expand {x + Kf. 

fx^ofiy 
d^fx = 5x\ 
dl^fx = 4.5.a?', 
3jyi = 3.4.5.a?*, 
3*yjp = 2.3.4.5.0?, 
3jyip= 1.2.3.4.5; 

.'. substituting in the Theorem 



(a? -♦• A)* = ar^ + 5af*A + IOot'A* + 10a;*A* + 5xh^ + A*. 



Ex. 2. Required to expand sin or+A, and cos ^+A, fn 
series of ascending integral and positive powers of A. 

yjp =» sin x^ 

dgfx = cos .1?, 

3^yi?=- sina?, 

^e/^ == — COS X^ 

^gfx = sin x^ 
&c. s &c. ; 
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.'. by the Theorem, 



h h* 



dn»+h «■ 8in« + oos«. — sLd«.j oo8«.j — i- 

1 |2 [S 



Similarly, 



h A» . A» 



co8dr+A = oo&x — sin w. oos x.r- + sm x.r- + 

1 [2 [3 



Ex. 3. Required to expand logx+h. 

fw^ log.*; 

.'. 9- /a? «= - , . 
and generally a^Jx^ ; 



.'. log«*+Asloge<r+ r3 + 7-:5-&c. + — -.(- !)"+* + . .. 



104. ijf a function of one variable can be expanded 
in a series of ascending integral and positive powers of 
the variable^ to find the form of the expansion. [Maclaurin*8 
Theorem.^ 

Let u represent the function capable of being expanded 
in a series ascending by positive and integral powers of w, 
and assume 

Then d^u = a^ ^ + Za^x + Sa^ai^ + &c. 

d^u = 1.208 + 2.30307 + &c. 

Sftu = 1.2.3 Os + &€.; 



127 



^s^o - «0J 



(9i«*)*=o = 1.2.3.03, 

and generally, (dlu)^^ = |».o„. 

Therefore, substituting in the assumed series the values 
of Oo, Oi, 029 &c* deduced from these equations, 



s 



Obs. Since, in the preceding proof of Maclaurin^s 
Theorem, it has been asstmied, that u is capable of ex- 
pansion in a series of positive integral powers of a?, the 
mere fact of any number of the quantities u^^^ (9***)#=o> 
(9f «)»=o> &^- ^cing finite a£Fbrds no proof that the function 
u can be so expanded. 

If the function can be expanded in powers of w, one or 
more of the exponents being fractional, Maclaurin^s Theorem 
will correctly represent the form of the expansion up to the 
first fractional power ; but it is evident that it will not serve 
to determine the coefficients beyond that term, since the 
succeeding difierentials of u will severally become infinite, 
when is substituted for w. 

105. Any function whatever of w may he expanded by 
Maclaurin'^8 Theorem, when ^ is indefinitely diminished, 
provided that neither the function nor any of its successive 
differentials with regard to w become infinite when is 
substituted for w. 

For, by Art. 100, generally, when h is indefinitely di- 
minished, 

h .0 . A^ 



fx^-h ^fw + a,/t?.- + 9'/^-j^ + 



&c. 



188 

h h* 

when w is indefinitely diminished ; since (J'^),,^^ (9*y^)#=o> ^^• 
which do not contain either a or A, remain unaltered when w is 
substituted for h. 

Ex. 1. Required to expand {a + a)'. 

3,w = 5.(^7 + a)* ; .-. (?gU)^^ = 5a*. 

9J w « 3.4.5.(a? + of ; .-. (3'w),=o = SA.5.a\ 

d^u - 2.SA.5.(af + a) ; .'. (9^^),^ = 2.3.4.5.O. 

3*tt - 1.2.3.4.5 ; .-. (3*w)^o = 1-2.3.4.5. 

Hence substituting in the Theorem 

(a? + a)' = a* + 5a* a? + I0c?a^ + lOa^a^ + 5aj?* + or*. 

« 

Ex. 2. Required to expand a* and e'. 

« = a'; .-. w^=o=l- 

3,«^«logea.a*; .-. (3,«^),^o = ^^g^ a. 

3> = Goge ay. a' ; .-. (3»^ « Goge «)'• 

3Jw = (log« o)'«' ; ••• (9^«*),=o = Gog. a)'. 

And generally 
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Hence also € = i + - + r — h i— + + 7— + (2). 

1 [2 [3 \n 

Note. Since a'={l+(a-l)|' 

tT— 1 

= 1+^(0- l)+tt?. («-!)*+ &Cr (by the Bin. Theor. 

which is proved strictly for positive integral values of x) 

=l + {(a-l)--(a-iy+&c.}^+|-(a-l)*+&c.}j?2+&c. 

i. e., since a' is shewn to be capable of expansion in a series 
of ascending positive integral powers of a?, independently of 
Maclaurin^s Theorem, the above series (l) and (2) properly 
represent the lvalues of a* and €* for positive integral values 
of X. Hence, to find the numerical value of 6, let x^\ in 
series (2), then 

1 1 1 

€=!+- + + + 

1 1.2 1.2.3 



= 2.7182818 



This value of € is the base of that system of logarithms 
which is usually called Napierian or hyperbolic; and is the 



value 



°' {^L' " 



vide Art. 31. 



Ex. 3. Required to expand sin a? and costv.in powers 



of X, 



u^ sm 07 ; 


^,=0 = 


0. 


9,M = cos X ; 


••. (9*«^L=o=- 


1. 


Slu = - sin 0? ; 


.-. (3».=o - 


0. 


dlu *« - cos X ; 


.-. (9»,=o = - 


1. 


3*w = siuti?; 


.-. (9>Uo = 


0. 



R 
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From which it is evident that the coefficients of M^Laurin^s 
series in this case are 0, 1, 0, —1, repeated continually in the 
same order; 

.-. sin J? = a? - j— + i ... + (- 1)*"^'-"^ + 0)* 



2»-l 



Similarly, 

cosa?= 1 - p +1 ... +(-l)"^^--z7 r+ (2)- 



[2 |4 ■" "^ ^ |2(n-l) 



Ex. 4. Required to expand ^ in a series of ascending 
powers of at^ y being an implicit function of x^ given by the 
equation a? = aj^ + 6y* + c^ + &c. 



a? = 


oy + 


6y« 


+ cy* 


+ &C. 


9ya? = 


a + 


2fty 


+ Scy* 


+ &c. 


^a? = 




26 


+ 2.3cy + &c. 








1.2.3 c 


+ &C. 


&c. = 








&c. 






= --(3.46*-1.2.3ac), 



o» 



&C. B &C. 



a? 6 - 26* - ac , 

.'. y « =.ar + — . w^ + &c. 

a a a 
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106. Maclaurin^s Theorem is applicable to the expansion 
of functions of one variable in negative integral powers of the 
variable, if they admit of such expansion. 

For, letyi? represent the function ; then, if « = - , by the 

/I 
- is capable of being expanded in positive inte- 
gral powers of x. 



■"" iA)^' ('-/a.^' (r-z^L- «- 



are evi- 



dently equal to (/i)^^^, {^'/'^ ,J i^'-^'^) ..^ '''' 
respectively, and « = a?"*; 



-1 / -1\ n.-i 



■■•/•-(4)„^{^-/i)./^-(^-/J)„.-Tf^- 

/ b c\". 
Ex. To expand I « + " + "j 1 in negative integral powers 

of a?. 

If/.= (a + ^ + ^,)", 



=0 



3^ /*- = n(w- 1) (a + 6j7 + ca?2)"-^(fe + Scct?)* 

+ »(a + 6«r + Cti?*)'*'"^2c; 
&c. = &c. 



«=0 

&c. = &c. 
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\ a? or/ tT 



the coefficient of— being the value of {3^.(a+fr^ + ca?*)"},^o.p . 

107- To ewpand a function of x-^-h and y-k-k in a series 
of ascending positive and integral powers of h and k*. 

Let y(«i?+A, y+ft) represent the proposed function, 
and u fi^^y); 

then, if y be treated as the only variable, and y-^-k substituted 
for it iny(a?,y), or u, by Taylor'*s Theorem 



fiw, y-^k) = w + d^^u.j + 9(^)W.- + 9(>.7^ + 

an equation which holds true whatever a? be. But, if a? + A be 
substituted for <r, 

y(a?, y+Ap) becomes y (.17+ A, y+ Ac) 



u u 



3(y)W ^^y^u + 9(,)3(yj?/.r + 3/!^9/frt«^-rr + ... 






9(> 3^)«* + ..- 



* In this and the succeeduig Arts., to the end of the Section, the brackets by which 
^''partial" are distinguished from ^*' total** differentials may, for the sake of con- 
venience, be omitted, provided it be carefully borne in mind that none but "partial** 
differentials occur in any of them. 
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Hence, by substitution, 

h 



f{x+h^y-\-k) = tt + 9(,)«*.- + %«-]^ + K)^']Z + -• 



[2 ^'' ^* 1 [2 



+ ^(y)^^-— + 3(,)9(li w.- — + . . . 



+ ... 

This method of obtaining the expansion may evidently be 
extended to functions of any greater number of variables. 

Ex. To expand (a?+A)'".(y+A;)* in a series of ascending 
positive and integral powers of h and k. 

Here 'u ^.r^y"; 

9^y^w = n(w- 1)0?"*.^""% 

&c. = &c. 

Therefore, by the general Theorem, 

h A* 

1 \2 

, k hk 

1 ^1 

A;- 
+ n(n-l),v'\if-\r-+ ... 

+ ... 
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108. From the expansion in the last Art. may be deduced 
a remarkable property of homogeneous functions, i. e. of func- 
tions in which the sum of the exponents of the variables in 
every term is the same. 

Let u he a homogeneous function of .Vy y^ », &c. of m 
dimensions, the sum of the exponents of of, y, z, &c. in each 
term being m ; and for of, y^ Zy &c. substitute (l + h)aiy 
(l + h)yy (1 4- h) Zy &c. Then it is evident that the function 
u will be the same as before, except that each term will be 
multiplied by (l -»- A)"', or u will become (l + A)"*.!*. Also 
since hw, hy. hz^ &c. are the quantities by which the variables 
07, y, Zy &c. are increased, the function becomes l^y Art. 107, 

u + d^^^u.hx -f 9(y)W.Ay + 9(,)W.A«r + &c. 

Hence (l +A)'".tt=w+(o?.3(,)W + y.9(y)W + ^-3(,)W+&c.).A+... 

therefore equating the coefficients of A on each side {WoodCs 
Alg. Art. 346), 

or, the function multiplied by the number indicating its 
dimensions is equal to the sum of the quantities formed by 
multiplying each partial differential of the function by its 
corresponding variable. (Eulers Theorem.)* 

• This Theorem may be proved more directly in the following manner:— 
Let tt be a homogeneous function of jr, y, x, Slc of m dimensions, and assume 

each of the quantities jr, y, ar, &c. to be a function of /, or s=pt, Jf^qi^ z = rt, &c. 

Then if these values of x, y, z, &c. be substituted in the function w, the result will 

evidenUy be of the form r./(p, q, r, &c). Now if *, y, «, &c be, or be supposed, 

independent of each other, 

3/{r./(p, q r, Slc,)) wiU be =mr-\f(p, q, r, Ac), 

3iJ? =P> 

9iy =9'> 

9i* =»•» 

&c &c. 

But whatever be the relations between x, y, z, &c, 

9i«=9(*)«.9«*+9(,)«'9<y+9(.)tt.3,«+&c (Art. 72); 

.-. m/*-^/(p, 9, r, &c.)= jp.9{*)tt+ y.9(y)M+ r.9(„u + &c. 

mr.fip^ q, r, &c.)=p^.3(„tt+g'^9(„u+r/.9(„tt + &c. 

or mu = .r.3,„tt + y.3(f)«+*f'3(»)W + &c. 
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Ex. Required to verify the preceding Theorem, when 

u = , an homogeneous function of two dimensions. 

^ + y + » 

jpyz 
w = ± , 



3(,)«* = 



w -k- y + z 

(a? + y + z)yK - zyx 
(a? + y + zY 

{y + z) yz 



(a? + y -f «)* ' 



Similarly d^^u = '——^ , 



(j? -h y + zy 



J ^ (pD -^ y)xy 
and a^^jtf = ^^^ 5^^ ; 

Therefore, multiplying and adding, 

^ ^ ^ 2(a74-y + «)a?y«f 

* ' ^' ^' (^ -♦- y + «) 



xyz 
2 ^ 



^ + y + «^ 
= 2w. 



109* To ewpand a function of two variables in positive 
ascending and integral powers of the variables^ when the 
function is capable of such eofpansion. 

Let u represent the function of x and y, and assume 
the expansion to be 

w = Oo + aiOf + agj?* + &c. 
+ b^y + c^ofy + &c. 
+ 62^* + &c. 
+ &c. ; 
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then it is evident that S^,)U will be equal to In.a. with other 
terms containing positive integral powers of x or y, or of both, 
as factors; and consequently, substituting for a? and y^ 

•• «.= (9or)«*W|T:- 

Similarly *« = (S^jw)^-,- - 

And, if C^+n ^ the coefficient of a^.f^, in the same 
manner 

1 1 



or, C«+n=W(;)^)^-p|^. 



Hence, substituting these values of the coefficients in 
the assumed series, 

y=oL 

+ &C. 

This method of obtaining the expansion may evidently 
be extended to functions of a greater number of variables. 

The preceding expansion may be deduced from that 
proved in Art. 107, in the same manner as Maclaurin^s 
Theorem was deduced from Taylor's in Art. 105, i. e. by sub- 
stituting first for w and y, and then x and y for h and k. 
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110. If u be a function of t and v, given by the equation 
21 = t> + t^^u^ to eofpand any function of u, a%fu^ in a series 
of ascending^ powers of t. [Lagranob*8 Theorem*] 

Let^w be represented by y, and ^u by z; 
then since u^v + t«9 

df^^u = I + ^.9(,)«.9(^)W, .-. 3(^)W (1 - ^3(,)») = 1, 

d^f^u = jjf 4- t.^^^^^«.S^f^ Uj .*. d^f^u (l - t.d^^^z) = z. 
Hence, d^^u = z.d^^^u, 

or, 9(,)» = a?.9(^);if. 
Similarly, 9^,)^ = x.d^v^y- 

Now, 9<«(««.9j,,y) = nz'''K^^^^z,^^^^y + iJr«.9^„9(,)y, 
.-. by substitution, = nz^''Kz.d^^^z,d^^^y + «".9(^)(ijf.9^^)y) 

= nz'.^^^^z.^^^^y + z'Qi.^z^^y + x.dF^^)y) 
= w + l.«~.9(,)af .9^,,y + «»+'.9f,,y 
«9,,,(^-^,,y). 

Also, 9(,)y = «r.9(^)y, 

And it is evident that the succeeding differentials of y with 
regard to t will follow the same law ; 

or, 9»,/«^ = 9;7* (0^-.9^,,/w). 

s 
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But this latter quantity being obtained by treating t as 
a constant will be the same whether is substituted for #, 
or V for u^ before or after the differentiation ; hence 

And by Maclaurin^s Theorem, J'u being treated as a function 
of t, 

fu = (/«X^o + (9(f)/«*)*=oY + *^^- 












Cob. If yW = «e, yiy a= V, therefore ^^^)f^ « 1 ; and 

u^v^ <l>v.- + a(,)^*..- + 3*,j^«x- + 

111. If u ^ F(v -i-tipu) to eofpandfu in a series of 
ascending powers of t [Laplace^s Theorbm.] 

Since u — F(v + t.<pu) 

Similarly, d^^^u = 9^.)-F(tJ + t<pu).(sf>u + /.3(,j0w.9^^)W), 
And it may be shewn, as in Art. 110, that. 



and (aro».=o = a;T^ iWY-K^/y)- 

V representing JPto, the value of Ut^^^ 



1S9 



.'. by Madaurin's Theorem, 



fu -/F+ {i^y^,^fy)\ + a,„(0Fl*.8,.,/F).| 



fi 



112. The Theorems proved in Arts. 107 — 111 are sub- 
ject to the same limitations as the Theorems of Taylor and 
Maclaurin from which they are deduced. They serve to 
determine the expansions of functions in all cases where it 
is known independently that the functions are capable of 
the required expansion ; or where the quantities, according to 
the powers of which the functions are to be expanded, are 
indefinitely diminished. 



SXAHPLSS TO LAGR^MGE^S AND LAPLAC£^S THEOREMS. 

Ex. 1. Required to expand a? in terms of p and q; oo^p^ 
and q being connected by the equation aP — px + 9 = 0; i. e. 
to approximate to a root of a cubic equation. 

q 1 
Here ^ = — h —.a^ ; and, by Lagrange^s Theorem, 

if w = « + t.i^u^ 



In this Ex., oo corresponds to u in the Theorem, 

i V 

1 

- t 

"P 

and as^ <pu or (fue 
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.'. by substitution, 

^ = - + -:." + 9..)t?*. i + 9f .1?'. + 

q cfl IS if 1.8.9 q* 

« - + — + — .-. + .-^ + 

p p* 1.2 p* 1.2.Sp^® 

p ^ p" p* p" 

which gives an approximation to the value of one of the three 
roots of the equation ^ ~ px + 9 = 0. Lagrange has shewn that 
fhis is the least root ; vide EqttatUms NumeriqueSj Note xi. 

Ex. 2. u — nt -{-e.sinuy required u ia a. series of as- 
cending powers of e. 

In this Example u corresponds to u in Lagrange^s Theorem. 

nt V 

e t 

sintf 0i« ^ 

gf g^ ______ ffi 

.-. u^nt + sin v.j + (3(„) sin v |*).— + (3J,, ^^"''I'^'lTi^ ^ ^^' 

e . ^ . ^ 

= w^+sinn/.-+2.sinw^.cosn/. — +S('sinnO*«cos»/. + ... 

1 1.2 ^ 1.2.3 

Ex. 3. a?^-2ti?+l=0; required logio ^. 

Here a? = ^+^^*; and comparing this with the general 
expression expanded in Art. 110, Cor. 

since sc corresponds to u^ 

\ «» 

\ t^ 

a» (f>u or ^cr 

logieo? fu or/r; 

••• logiot? fo, 

and «* 0t\ 



J 
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But fu =/« + (t>v\)fv,- + a^,) (H'Ar)/«)'5^ + - 



o 



.3 



1 , 1 Sv" 1 4.5. w^ 1 , 

^*° logelO* 2 1.2 2* 1.2.3 2^ ^ 

1 1 [ 1 3 4.5 1 



Ex. 4. y = loge («f + ^ sin y) ; required e*'. 
By Laplace's Theorem, if u= F(v + t,(j>u), 

where F represents Fv the value of u^^^. 

In the present case from w = loge(v + ^.sin w) it is re- 
quired to find £**. 

Now V = log.t? ; .-. /F = e'**8^'^ = tJ. 

^ r = sin F = sin log^ v ; 

•• 0^-9(«)/^=sinlog,v. 

Q Sin loff v 

K^^l^f'Y-KJV] = -sin log.«.coslog.« f- . 

K^iWl'A.)/^} =ia?„{3sinlog,« - sinlog,«'| 

3 [cos logj « + sin log, v cos log, v^ + 3 sin log, «^ | 
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. , ^ sin loffe f ^ ^ 
.-. 6" = V + sin logg v.- + — .p 



3 f cos log^ w + sin logg V cos log^ «' + S sin log^ «'l ^ 
"■ 4 1 ^ ^ J ji 

+ &c. 

or, if the symbols in the question be restored, 

J? sin log^ «* a^ 
e^ = z •¥ sm loffgis.- + .T- 

^* 1 * l5 

S fcos loggSf + sin log^a? cos log^jr* + Ssin log^^^l a?' 

+ &C. 



SECTION X. 



THE DBTBBMINATION OF THE MAXIMA AND MINIMA OF FUNCTIONS. 




113. Def. ** Maxima'^ or Minima''* are those values 
of a function, which, when the variables are continuously 
increased or diminished, are respectively greater or less than 
the immediately preceding and succeeding values. 

Thus, if in any continuous plane ^' 
curve PQR referred to rectangular co- 
ordinates AX, AYy the tangent at a 
point P in the curve be parallel to 
AX, and the arcs, measured from P 
both ways, when diminished indefinitely, 
lie below such tangent, the ordinate MP 
is greater than the immediately preceding and succeeding 
ordinates, and therefore is a ** maximum^'' of the ordinate, or 
a ^< maximum ordinate."" — Again, if the tangent at Q be 
parallel to AX, and the arcs measured at Q both ways when 
diminished indefinitely^ lie above such tangent, the ordinate 
NQ is less than the immediately preceding and succeeding 
ordinates, and therefore is a ^< minimum'^ of the ordinate, 
or a ^^ minimum ordinate^. 



M 



X 



114. To determine the ^^ mammd!'* or ^^minimcC'' of a 
function of one variable, if the function can be made to 
have any such values. 



Let Jw represent the function ; then J^Of + A and ^of - h, 
when h is sufficiently diminished, will represent the values of 
the function immediately preceding and succeeding yjr for 
any particular value of of. Therefore, by the definition, 
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for the values of at which render J^x a " maximum^ or a 

*^ minimum,'*^ fx is greater than, or less than, both fx + h 

and fx — h\ or J^x + A —fuo and fx — h —fx have the same 
sign however small h be taken. Hence, by Taylor's Theorem, 

3-/Jj7.-+3* /Jr.]— + 9i/i?.r- + + 3" /«?.,— + &c. 



.3 



and - 9,^0?.- + 9J^.j 9jyjF..— + . . . +(-l)"'*'*9"yi?.|— + &c. 

must have the same sign for those values of x. But this 
is impossible unless the first term of each of the series, 
independently of A, is equal to 0, since by sufficiently 
diminishing A, (Art. 100, Cor.) the first term can be made 
greater than the sum of all the succeeding terms; therefore 
the values of x which give the required values of Jx^ if 
there be any, must render 9,^0? equal to 0, i. e. must be 
roots of the equation 9^yJr = 0. 



Again, since for these values of ,r. 



A^ 



and that, by diminishing A, the first term of this series may 
be made greater than the sum of all the succeeding terms, 
it is evident that, for such of the roots of ^gj'x = as render 
9jya? a negative quantity, Jx will be greater than the im- 
mediately preceding and succeeding values of the function, 
or J'x will be a " maximum/'* Similarly, for such of the 
roots as render d^J^x positive, fx will be a " minimum.**' 

It is also evident from the above reasoning, that if any 
root of dgj^x = render 9jya? equal to 0, fo cannot be either 
a "maximum'' or "minimum" for that value, unless it also 
render ^Ifx equal to ; but if it render hlfx equal to 0, then 
yx will be a " maximum '' or " minimum,'^ according as 9,y«r 
is negative or positive when such value of x is substituted 
in it. And it may be stated generally, that those values of x 
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which render yjp a ''maximum'^ or "minimum'' must render 
its successive differentials up to 9j''+|/a? inclusive severally 
equal to 0, and 95'"'"^/i? a positive or negative quantity; and 
that such of those values of w as render '^\^'^^f(JO negative 
give " maxima,'' and such as render it positive give " minima" 
of the function y«i?. 

115. If any of the roots of the equation ^gfoD = render 
the differentials oifx up to 9^yi? inclusive severally equal to 0, 
and d^g'^\fw equal to infinity, it will follow that, for such values 

of d?, J^/c ± A, or J*w =t h —fo^ is incapable of being expanded 
in positive integral powers of h ; and that if it can be expanded 
at all in positive powers of A, the exponent of the first term 
will be fractional and greater than r. (Vide Art. 102.) For 

such values of x the expansion of J^oc ± h —foB must be ob- 
tained, when possible, by some other method than by Taylor's 
Theorem. 

Suppose A (± A)** + 5 (± h)^ + &c. to be the expansion 
so obtained, in which the exponents a, j3, &c. are arranged 
in ascending order of magnitude, a being fractional; then. 

If a be of the form , one of the quantitiesya?+A-^/i? 

SS Tit 

becomes impossible; and therefore althoughy*a7 + A may have 
two, or any even number of, values, which may be less or 
greater thanyo?, ^/v will not be a "maximum" or "minimum" 
within the terms of the Definition. 

If a be of the form , since the first term of the 

271+1 

series may be made greater than the sum of all the succeeding 
terms, and (± A)" will have different signs according as + A or 
—A is taken, ^a is neither a " maximum" nor a " minimum.^ 



tr 



2fn 

If a be of the form , since (^hY will have the 

27^ + 1 

saime sign, whether + A or —A be taken, J^w will be a maximum 

or minimum, according as J is negative or positive, unless 

T 
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any of the succeeding exponents should be of the fonn , 

in which case, as before, although fm may have a greatest or 
least value, it will not be a ''maximum'^ or ^^ minimum/ 



y% 



116. It appears from the preceding Arts, that of all the 

particular values of a? which render jfcT ±A —yi? capable of 
expansion in ascending positive powers of A, where the first 
exponent is not less than 1, such of them as make fx a 
<^ maximum^ or ^^ minimum ^^ must be roots of the equation 

There may, however, be other values of a which render 



^m^h —f(xi capable of expansion in positive ascending powers 
of A, where the first exponent is less than 1. In such cases 
(vide Art. 100.) the first difierential of the function, or d,,^, 
will be infinite, and therefore all such values must be roots 

of the equation ^ ^ =» 0. Hence all the other values of ^, 

if any, which render fx a " maximum ^ or " minimum ** must 
be roots of this latter equation; and if these roots be suc- 
cessively substituted in the expression y a? ± A -j^, and the 
result expanded by any method into a series of the form 
Ji {4b. hY + &c., it may be ascertained, as in the last Art., 
which, if any, of these values give "maxima,'* and which, 
if any, give "minima^ of the function yiv. 

117. It is sometimes easy to determine i priori that a 
proposed function does not admit of any " maxima ^ or 
" minima.*" 

Thus, if the function be a + 6^, it is evident that, as x 
is continuously increased, the function also continuously in- 
creases, and cannot admit of a " maximum ^ or " minimum.^ 

Again, if y* « , it is evident that, as a is continuously 

2 o "- <i? 

increased from up to 2 a, (beyond which there is no value of 

m that will give a possible value for y) y^, and therefore jf, 
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continuously increases ; consequently, y cannot have a ^* max- 
imum '*'* or ^^ minimum ^ value. In such cases it is manifestly 
useless to apply the preceding Theory, although the same 
result would be obtained from it. 

118. The process of determining "maxima'' and "mi- 
nima'' may often be considerably abridged by particular 
artifices. 

Thus, if /Jp be a " maximum," 77- will be a " minimum " 

for the same values of a?, and vice versa ; so that the required 
values of of may be found among the roots of either 9,y5r = 0, 

or 5— r- = 0, as is most convenient. Afi^ain, it is obvious that 

logyjp, c.jwf (f^Y^ ^U severally be "maxima" and "minima" 
for the same values of w which render fiv a " maximum " or 
" minimum "; and it will frequently be found more convenient 
to " diflferentiate " one of the former quantities than the pro- 
posed function J^x. 

Again, if dr^^ « p^q^ p and q being both functions of ^, 
since ^IJ^w = p.d^q + g.3,p, the substitution of the roots of 
p =s 0, will reduce it to SlJ)v «= g.8,p ; and the substitution 
of the roots of 9 = 0, will reduce it to 9^yi? = p-9*9« 

Similarly, if 9-/a? « - , since 3^ /a? = — {q-^gp - P'^»q} > 

q H 

the substitution of the roots of p » will reduce it to 

q 

The application of these results will evidently abridge the 
usual process for finding "maxima" and "minima." 



Thus, if Ogjm = . , which may be put under 

V4a*a?^-2aa?^ 

the form o^fx = (4a - 3a?). . , and it be required 

\/4a'^-2oa? 



14a 



4a 

to find the value of 3*yi? when 4a - Sir » 0, or a; ■» — ; by 

the first of the above rules 

^ lV4a* — 2a/p J^, 



4u 

3 



Sa Sy/s 



x/^ 



2 



119. It is obvious from the Definition of ^* maxima^ and 
^^minima''^ (Art. 109.), that a function may admit of several 
*' maxima ^^ and several ^^minimay**^ that some of the ^^ minima'" 
may be greater than some of the ^^ maxima,^ and that a *'maxi-> 
mum^ is not necessarily the greatest, or a '^ minimum ^^ the 
least, value of a function. 

In the application of the preceding Theory, however, to 
Physical Problems, a ^^ maximum ^^ of a function will in general 
coincide with the greatest, and a ^^ minimum^ with the least, 
value of the function, because the function is such, that it 
cannot admit of several ^'maxima,*^ or several '^minima,^ and 
its value cannot be increased or diminished beyond certain 
limits. 

120. If y be an *^ implicit function^ of w given by the 
equation <p(afjy) = 0, its " maxima '' and "minima,^ if it have 
any such values, may evidently be determined according to the 
preceding Theory, by first solving the equation with respect 
to ^, and putting it under the form y ^fx. And since the 
values of d^^y, dj^, &c. will be the same whether they are 
obtained from y =y^, or from (<r, y) — according to the 
method given in Art. 43 or Art. 74, the same Theory will 
be equally applicable in both cases for determining the 
** maxima*" and "minima''' of y. 

If the successive differentials of y are found, considering it 
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as an implicit function of x, and <p(x,y) be represented by u, 
since >« 



8,y«- 



\y 



n 



the values of w which render ^ a ^* maximum ^ or ^^ minimum 
will be found among those which are obtained by elimination 
from the equations 

or from « = 0, -^ = 0. 

In the first case, for any such values of a^ 

S^y^^(^, (Vide Art. 74.) 



EXAMPLES. 

Ex. 1. Required the "maxima"' and "miniaia'' of 

af*-5a?* + 5a?*+ 1. 
Let .t** - 5 a?* + 5jr' + 1 be represented by Js. 
Then 9,/a? = 5a^* - SOa-' + 15/p* = ; 
the roots of which equation are 0, 1, 3. 

and dl/jB = 60^p* - 120a? + SO. 
(^y^)»=o - ^1 •'• C/^)*=o ^s neither a " maximum^ 



} 



and (SilJ'^)s^o - SOJ nor a "minimum'', 

and (^y*^ 



> .•. ( /j>V , = 2 18 a " maximum . 

^^'^f^'^ ^ ^\ ■•■ ( A), 3=- 26 is a "minimum", 
and (^/rU -210 1 ^^ ^'"^ 
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Ex. 2. Required the ^ maxima^ and *^ minima'*^ of 

a + X b + X 
a — X b — x' 

Since log« <f)X is a ^^ maximum^ or <* minimum^ for the 
same values of x for which <px i^ the values of x which 
render the proposed function a '^ maximum^ or '^ minimum^ 
will be the same as those which render 



logg a + x " loggia - a? + loge 6 + a? - log^ b — x 

a ^' maximum ^"^ or ^^ minimum ;^'' therefore, representing this 
latter function by ^x. 

:^ ^ ^ ^ ^ * 



a + a? a — x b-^x b — x 
2a 2b 



+ 7^ — -;; = 0» 



€^ — 0^ I? ^ X^ 

the roots of which equation are y/ ab and --y/ab. 

•'• (^y^)*=V^ =a positive quantity, 
anci (3^/^^)^=. VSi = a negative 

To find aj/r, by Art. 29, 3. . ^ ^X2 == . ^ ^^3 » 

•*• ^y^ = ^~7~i — H^ + "Tli i;r^ > which remams finite 

•^ x{a? - ar)' ^p(o* - ary 

whether \/ab or —y/ab be substituted in it for x. 



(a-\-x b-hx\ ^ l y/a-^y/b y . 

\a-x'b^x] ^^^^ \y/^^y/bl 

\a~x b-xj ^_^^ \y/a-\-\/bl 



a "minimum'', 



maximum''. 



\ 
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Ex. 3. Required the ** maxima^^ and *^ mini 
a and y being connected by the equation 

^ + y' — Saxy = 0. 
By Art. 74. Ex., o,y«- 



\ 



y^ — ao?* 



a?« 



.'. tt?* — oy = 0, or y = — . 

a 

Substituting this value of y in the original equation^ 

or ti?* -2o'.r^ a 0, 
the roots of which equation are 0, and ay/ 2. 

Again, (Art. 74.), d,y =- 



(y^-oa?)'' 




2aW 


* * MM ^^ 


/«« \»' 


• *-«' 



2a' 



8 



•*• (9*y)«»o = -^ a positive quantity, 

a 



2 

and (3'y)^a^-'--, a negative 

a 



•'• y*=o = is a minimum, 
and y,=o^/i = 2'.a is a maximum. 

Ex. 4. Required the ^^ maxima '^^ and '^ minima ^ of 

6 + (op — a)'. 
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Let fis represent the proposed function, 

then ^gfx = ^ (j7 - a) J s= 0, 
which is satisfied by ^^a, 

MP 

and (9^/r),=« « od . 

Also (d^y^v)^g, and all the successive differentials severally 
become oo when x ^ a. 

Now ya + n —fa = A', 1 the latter of which results is 
and f'^h -fa^{' A)f I impossible ; 

Hence, (as stated generally in Art. 115.) although (fw)^^ 
is evidently the least possible value of yk?, it is not a ^^mini- 






It is evident that the proposed function can have no 
<* maximum,^ because, as or is continuously increased, fw 
continuously increases ad infinitum, 

Ex. 5. Required the " maxima '*^ and ** minima *" of 

6 + c(j? — a)*. 
Let^vr represent the proposed function, 

then 9,ya? "* I" (^ ~ ^) "^> 
and if a? ■« o, 9,yi?, 9fya?, &c. severally become oo . 



Now fa + h -Ja^ ch^y 



and fa — h —fa^ch^; 

both of which results are positive, if c be positive, and negative, 
if c be negative ; therefore 

{y^)*=ra = * is a "minimum,^ if c be positive, 

and (f^)^a^^ ^* * ** maximum,'' if c be negative. 
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121. When the greatest or least value :of a Geometrical 
or Physical function (which in general coincides with a ^^ maxi- 
mum^ or <' minimum^ of the function), is required, the method 
of applying the preceding Theory is, first to assume one. or 
more variables at discretion to represent certain quantities, 
which are not given by the question, and upon which the 
magnitude of the function depends, and then to express the 
function, either explicit or implicit, in terms of these variables 
and given quantities. Having thus obtained a mathematical 
expression for the function, its ^'maximum^ or ^^minimum^^ 
may be found as in the preceding Examples. 

Ex. 1. Required the greatest and least ordinates of a 
circle. 

Let w a,nd y be the co-ordinates to any point of the circle, 
a and b the centre , 

« 

r radius; 

then («-«)* + (y-by = r* (Hymers^ Conic Sections, Art. 46.) ; 

-^ a? — a 
or d,y » « 0, 

y- b 

.\ J7 — a » 0, or ti? = o. 
Again, 1 + (8,y)* + (y - 6).3*y - ; 

± r 
.*. y,-o = ft + ^ is a *^ maximum,^' 
and y^p^ = 6 — r is a ," minimum.''^ 



Ex. 2. Required to cut out from a given plane triangle 
the greatest rectangular parallelogram, having one side coin- 
cident with the base of the triangle. 

U 
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Let ABC be the given triangle; 
J J}, the base, « e ; NQ the greatest 
rectangular parallelogram required; 
CA the altitude of the triangle, « k ; 
CM^af. 

Then PQ.PN is a maximum. 




Now 



PQ CM 
AB^ CD' 



ex 
and FN = A - a? ; 



CJ7 



•*• -r--(ft — *) is ft "maximum,'' 
A 

or (Art. 118.) hao "Sf-^fx^ a " maximum ;** 



.*. ^sfx = A *— 20? = 0, and .'. a? « — ; 



2 



Also, 9jya?«= — 2. 



Hence the greatest rectangular parallelogram required is 
cut out by bisecting the sides. 

c h \ 
Also, its magnitude « -.— « -.area of the triangle. 

2 2 2 

Ex. 5. AX^ AY are two straight lines at right angles to 
each other, C is a given fixed point, required the shortest 
straight line which can be drawn 
through C, terminated by AX and 
AY. 

Let PCQ be the required line; 
AB (the distance of C from AY) 

= a, 
BC (the distance of C from AX) 

-ft, 

z -rfPC « a?. 
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Then PC = fc . cosec <r, 
QC = a. sec a?; 

•% PQ = a.sec a? + 6. cosec w =^^7, a " minimum ;' 

.•, 8,yd? = «• tan 07. sec 4? — 6. cot <v. cosec a? 

a (sin a?)^ - 6 (cos ofY 
«= -1 i 2 ^=0; 

(sin wy. (cos ofj^ 

sin Of b^ 

.*. or tan a? =s -r , 

cos 0? a* 

tana? 6* 6* 

and sin <t7 »= 



sec «r , ^ / P voi + 6t 



= (a« + 6«)i 
A "ma<rimww'' value of PQ is clearly inadmissible i priori. 

This is the same problem as the following: — To deter- 
mine the longest straight pole which can be put up a given 
tjommon chimney in a plane at right angles to the back of 
the chimney. 

Ex. 4. Required the cylindrical mug of given content 
which shall have the least internal surface. 

Let a? be the radius of the base, 

C the given content, 

^ _ content 

then the height of the mug^ ,^^ 



WW" 
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.-. the internal surface = ira? + 2irJ?. — 



irj:* 



2C 
x«* + — «/i?> a "minimum**; 



IT 

which gives a "minimum^, and not a ^< maximum^, since 
V^fw « Sir + 3", a positive quantity, when ^ « — . 

ST TT 

c * fc 

The height of the mug = -—3 .. \/ — « radius of base. 



Ex. 5. Required the greatest plane area which can be 
included by four given straight lines taken in a given order» 

Let a, 6, c, i represent the lengths of the given lines; 
and when the included area is the greatest, let 0, contained 
by a and fr, and 0, contained by c and d, be two opposite 
angles of the quadrilateral ; D the diagonal subtending each 
of these angles. 

Then, since the quadrilateral is equal to the two triangles 
into which it is divided by Z>, 

ah cd j^ 

Its areas — .sin0 + — .sin0=yP, 

a function of one variable (0) only, since 6 and <f> are con- 
nected by the equation, 

a* + 6* - 2a6.cos = Z)* 

:=c^ + cP -^ 2cd,cos(f} ... (i). 
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Therefore, diiferentiating on this supposition, 

3^yi9 a a&.cos 9 + cd.cos^.d^^ = 0. 

But from (i) ab.sinO — cd.sin ^.d^^ - 0, 

.'. ab (cos d.sin + sin d.cos 0) » o ; 

or, sin + s 0, 

••. + 0=180" (ii). 

Hence the required quadrilateral is that which can be 
inscribed in a circle; and and (J) may be found from (i) 
and (ii)« If necessary, it may easily be shewn, that 

(^^'^)a+<»=i80» =-o6-cd, a* negative quantity. 

122. To determine the ^* maanmcT or ^^ mininuC of a 
function of two independent variables. 

Let u\^J*(<sc,y)] represent the function; then, by the 
Definition, for the values of w and y which render u a. ** itiax- 
imum**^ or <^ minimum^, w and y being independent variables, 

y(ar + A, y + Ap) — y(^,y) must retain the same sign, however 
small h and k be taken, and whether they are positive or 
negative, and have the same or different signs. Therefore, 
if & = i»A, by Art. 107. 

^ A ^ A* 

d, ^u,- + o, \U. — h 

^ mh ^ ^ mh^ 

+ %)«^--|2- + 

+ 

must retain the same sign, however small A be taken, and 
whether it be positive or negative. But this is impossible 
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unless the first column of the expansion is equal to 0, 
or, since m is an arbitrary quantity, unless d^^^u and d^^u 
are separately equal to 0. Hence the values of j? and y, 
which render J^{afyy) a "maximum"' or "minimum'', may 
be found among the roots of the equations 3(,)y(^jy)=0, 

Again, for those roots of the equations 9(,)y(^,y) = 0, 
\)f(<^^y) = 0, which render y(^,y) a "maximum" or " mini- 
mum", the second column of terms must retain the same 
sign, whatever be the value of m; therefore, if A^ J8, C repre- 
sent 9^,)W, 9(y)3(y)W, 9^)«^ respectively, ^wi* + 25m+ C must 
be incapable of changing its sign for any value whatever of 
m; but this expression may be put under the form 

and, since (^ + -7) is always positive, if A and C have 

the same sign and AC be > S*, Atn^ + 2Bm + C will always 
have the same sign as A^ whatever m be, and will not 
change that sign by. any change of m. 

Hence the values of w and y^ which satisfy the equa- 
tions ^(g)^ *= 0, d^)U s 0, and also the condition 

will render t^ a " maximum" or " minimum", according as 
they render ^,)U and S^^yU (which must necessarily have the 
same sign) negative or positive. 

It is evident from the above reasoning, that, if any of 
the values of <r and y, which are roots of the equations d^^^e^^O, 
3 t^csO, render 3J,)W, d^^^d^^^Uy and 9^)W separately equal 
to 0, u cannot be a "maximum" or "minimum" for those 
values, unless the differentials of the next higher order are 
also rendered separately equal to 0, and the next higher 
than these remain finite. And so on, proceeding, if necessary, 
to higher orders of differentials, i.e. taking more terms of 
the expansion i 
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123. Whatever be the number of the variables a^ y^ %, &c. 
of which the proposed quantity t^ is a function, it is clear, front 
the reasoning employed in the preceding Art., that its ^^maxima^^ 
or ^'minimai^ if it have any, will be found among the roots of 
the equations d^^u » 0, S^ff)U « 0, B^^^u » 0, &c. : — ^but the de- 
termination of the necessary conditions, and the application 
of them to particular examples, increases in difficulty with the 
number of variables. 

In the case of a function u of three independent variables 
XjiffXi the conditions of "maxima^'' and "minima*' will be 
found to be, 

(1)... ...9^,jW = 0, d^y)U = 0, ^^^^u = 0. 

(2) ^(«)^9 ^^)^» %^' having the same sign when the 

roots of the first three equations are substituted in them. 

(3) j K)^'K)^ > i^(sAz)f^y 

and (4) 

Since the conditions (3) are deduced from the last con- 
dition, if this hold, they will necessarily hold also; but as 
the last cannot hold if any one of (3) fail, it is expedient 
to test them first. 

Ex. 1. Required the "maxima'' or "minima'' of 

.ry + — + — . 
a? y 

Let the proposed function be represented by Uy 
then a^,,«^ = y-.-=0 (i). 



9^,« = J! - — = (2) ; 



,'. ai^y ss wy^ = fl', or « = y = a. 



/ 



160 



Also, a*,«=— ; .-. (3w«)^-=2. 






,. .. 2a» 



yt=a 



Hence, since 9i)W.3^)W> (9j,,9jy,t«)* for the values of^ 
and y derived from (l) and (2), and d|^)U, d^^u are both 
positive for the same values, 

w^^eSa*, is a "minimum.'" 

Ex. 2. Required the "maxima^* or ^^minima^^ of 

a J7 + &9 -f c)ir, 
subject to the condition that j;* + y* + «* = r*. 

Let aof -k- by -{• c« he represented by u; then, considering 
X as a function of w and y, 

3(^)W*8a + C'3(,)»*= (l). 

9(y)tt « 6 + <?-9(y)» * <> - (2)- 

But, since jt* + y* + «* « r*, 

^ + «.9(,)» «0 (8), 

and y + «.9^,,« «0 (4); 

therefor^, eliminating ^^^^% and 9^)«r between (1), (2), (3) and 

and ftiv-cyeO; 
.% hw ^ay ^ 0, 

and .r* + — — + — -- » r* ; 
a* or 
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or ^^^—y== -r, 

V o* + 6' + c' 

Similarly » = *^^,=p=.r; 

c 
and «? = sfc— 7======.r. 

Again, 9(,)W = fr^u)^ . 

3JyjW= <?-^)« f from (1) atid (2). 

Also, from (d) and (4), 

and ^^^)x\)X + x.^^^S^^^«^0; 

e 

z 



.'. 8?„t*=--{i + (au)«^)*} 



And, substituting in the last three equations the values of 
w, y, x^ found above, 

d^yU and ^^t^ are both positive; 

and 3(,)tt.8^)W : (9<,)5(y^«)* = (a* + c^.(6« + c*) : aV, 

which is evidently a ^^ ratio of greater inequality^. 

Hence, the values of ^, y, x^ found above, render the pro- 
posed function a ^'mimiiMffii^, and its value is 

T^y/nf + A^ + c*. 

X 
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Ex. 3, Amongst all rectangular paralldopipedoms of 
given Yolume, required to find that which has the least 
surface. 

Let «, y, jr be the length, breadth and depth respectively : 
and V the given volume; then 

the surface » 2wy + 2afz -»- 2yz ; 

.\ ay -¥ wz -k-yx^u a ** minimum^, subject to the condition 

»y«r^V. (o), 

and considering « as a function of » and y, 

9o«* - y + « + (* + y).3(^« « (i) 

3jy,tt = ^ + tr + (a? + y).3^y)«f =i) (2) ; 

Also, from (a), sf«r .+ jry.d^,,jip k o (3) 

wz + «y.d(y)jr « (4) ; 

.*. eliminating d^,)«, and d^^iv between (l), (2), (3), and (4), 

d; — jT s 0, and y — ar = ; 
.-. at^y^z^'^yv. 
Again, 3^,w = 2.3(,)«f + (or + y).9J,)« 
a^,tt = 2.3^yj« + (a? + y).?|^)« 

Also, from (3) and (4), 

2.3(y)« + y.9^)«r = 

2y« 

^ ^wz 
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And, substituting in the last three equations the values 
of ^9 y> ^9 found above, 

d^,)U and df^^t^ are both positive, 

and ^,)W.9q^)W : (9(^)3(y)«)' «^ ? 1, a "ratio of greater ine- 
quality^. 

Hence, a? =y«»»K-^^ renders u a ^^minimunT; or the 
parallelopidedom required must be a cube whose edge 



SECTION XL 



CURVES. 



I. DBTBRlIINATION OF THB DIRECTION OP CURVATURE, AND OF CERTAIN 
REMARKABLE POINTS ANP PROPERTIES OP PLANE CURVES. 

124. To determine the direction of curvature of a 
given plane curve at any pointy the curve being referred 
to rectangular co-ordinates. 

The direction of curvature of a curve at any point is the 
same with the direction of its tangent at that point, and is 
determined by the angle which such tangent makes with a given 
fixed line, as the axis of abscissas. 

If w and y be the co-ordinates to any point of the curve, 
and i the angle which the tangent at that point makes with 
the axis of Wj it has been shewn (Art. 50.) that 

tan i ss d^y ; 
.'. i = tan"*3,y. 

Hence, if the value of d^y in terms of of and y^ or of one 
of them, as ^, only, be obtained from the given equation to 
the curve, the value of the angle i, or the direction of the 
curve at any point, may be found by substituting in the 
above equation the corresponding values of w and y, or the 
corresponding value of Of, 

Cob. Since the equation to a line passing through the 
point (^,y) is F-y = a(Jr-a?), where a = tangent of the 
angle which the line makes with the axis of a?, (Hymers^ 
Conic Sections, Art. 20.), the equation to the tangent to 
a curve at the point (/v^y) is 

Y-y=^d^y.(X-a;), 
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Ex. Required the direction of an ellipse at any point. 

The equation to the ellipse referred to rectangular co- 
ordinates with the origin at the centre is 






— + —-= 1 • 



or o,y = - ^- , 
or m terms of a? = — . 



.*. for any point (oo^y) 

b w 



% = tan" 



■--■ 



At the extremities of the axis minor, a? = ; 

.'. i = tan""^0 = O'^ or 180°, 

or the direction of curvature at those points is parallel to 
the axis of w. 

At the extremities of the axis major, y^O^ or x^^a', 

.-. i = tan-i 00 = 90° or 270°, 

or the direction of curvature at those points is perpendicular 
to the axis of w. 

125. To find the direction of the ^^normaV* at any 
point of a plane curve referred to rectangular co-ordinates. 

Dbf. The normal to a curve at any point is the 
straight line drawn through the point at right angles to 
the curve, or to its tangent at that point. 

Let PT be the tangent to the curve BPQ at the point 
P; PGO the "normal" meeting AX in G; AM{ai),MP{y) 
the co-ordinates of P. 
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Then lTPG^90P, 
.\ tan POX « - cot PTG 



tan PTG 



1 

Hence, if the value of d^y in terms of :^ and y, or of 
one of them, as .r, only, be obtained from the given equation 
to the curve, the value of the angle PGJT, or the direction 
of the normal, for any point (w,y) of the curve may be found 
by substitution in the above equation. 

CoK. Hence the equation to the normal at the point 
(^,y) is 

126. To find the ^^suhtangenf for any point of a 
plane curve referred to rectangular co-ordinates. 

Def. The part of the axis of abscissas, intercepted be- 
tween the foot of the ordinate to any point of a curve and 
the intersection of the tangent at that point with the axis, 
is called the " subtangent^' for that point. 
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Let AM{x)^ MP(y) be the co-ordinates of the point P, 
(Fig. Art. 125,) 

PT the tangent at P, intersecting AJT in T; 

then MT is the subtangent. 

And MT^PM.cot PTM 

PM 
"iaxTPTM 

Hence, if the value of 8«y in terms of x and y^ or of 
one of them, as w^ only, be obtained from the given equation 
to the curve, and substituted in the above expression for MTy 
the ** subtangent ^^ will be determined for any point (^,y) of 
the curve, in terms of x and ^, or of one of them only. 

If the value of MT thus obtained should be negative, 
it must be measured from ilf in a direction opposite to the 
origin of co-ordinates. 

Since 9, log^ys* -^ = Trr' ^' ^^ ^^ given equation to 

if 

the curve, y be an explicit function of <r, the process of 
finding the subtangent may frequently be facilitated by taking 
the logarithm of each side of the equation previously to 
differentiation. Thus, 

Ex. Required the subtangent for any point of an ellipse. 

6 / 

Here y = — va"-^; 

a 



•• log^y = loge- + 4.1og^a*-.a?*; 

a 






3-y x 



y a^-- a^^ 



y d^-^ a? 
and ^ — *= — = subtangent for any point {x^y). 
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Cor. The portioD ¥T of the tangent at P intercepted 
between P and the axis of abscissas = y/ Mt^-^ MT* 



Also the perpendicuUir from the origin of co-ordinates 

MP 

upon the tangent at P= -^^-"5^ 

^y 






127. To ^imI tt« ^^sybnormaT for any paint of a 
plane curve referred to rectangular co-ordinates. 

Def. The part of the axis of abscissas, intercepted be- 
tween the foot of the ordinate to any point of a curve and 
the intersection of the normal at that point with the axis, 
is called the ^^subnormaP for that point 

Let PM be the ordinate, (Fig. Art. 125.) 

PGO the normal, 

PT the tangent; 
then MG is the subnormal. 

And MG « Pilf .tan GPM 
= PJf.tan PTG 

Hence, if the value of S^y in terms of a? and y, or of 
one of them as «r, only be obtained from the given equation 
to the curve, and substituted in the above expression for MG^ 
the "subnormal'' will be determined for any point (w^y) of 
the curve, in terms of w and y, or of one of them only. 
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If the value c^ MG thus obtained should be negative, 
MG must be measured from the foot of the ordinate towards 
the origin of co-ordinates. 

Ex. Required the subnormal for any point in an ellipse. 

Here y* « -r (a* - ^) ; 
a 

« 

.•. y.djfy= — J a?* subnormal for any point (^p,y). 

Cor. The portion PG of the normal intercepted between 
P and the axis of abscissas = y/MP^ + MG^ 

128. 7V> cfefermiTi^ whether a plane curve referred to 
rectangular co-ordinates is concave or con/vew to the aans of 
abscissas at any point. 

Def. a curve is said to be "concave?' op " convex '' 
to the axis of abscissas at any point according as the or- 
dinates to the immediately preceding and succeeding points 
are both less or both greater than the corresponding ordinates 
to the tangent at that point* 

Let BPQ (Pig. Art. 125.) be a portion of the curve ; 

TPT' the tangent at P; 
JM(:af)y MP(y), the co-ordinattes of P, 

AN(w+h)j NQf the co-ordinates of Q; 

Produce NQ^ if necessary, to meet the tangent at P in the 
point T; and draw PR parallel to AJT meeting JVQ, pro- 
duced if necessary, in R, 

Y 
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Then the curve will be ooncaye or convex to the axis 
of ir at the point P, according as the immediately precedii^ 
and succeeding points in the curve lie both nearer or both 
fiirther from the axis of m than the corresponding points in 
the line TPT'\ or according as Jf P(y) and NT - JNTQ have 
the same or different signs, whatever be the sign of A, when 
h is indefinitely diminished. 

Now, z T'PR ^ angle of inclination of the tangent at P 
to the axis of ^^tan'^d^y; 

.-. NT'^MP^^RT' 

= y + 9,y^ 

And, since NQ is the same function of ^ + A that MP 
is of /r, 

-A^Q = y + 9,y.T7 + Siyrr + &c. (Art. lOO.) 

LL i£ 

.-. JVP'-JNrQ=-ajy.f--a!y.P-&c. 

But, by suflSciently diminishing A, the sign of the latter 
series may be made the same with the sign of its first term, 
(Art. 100. Cor.} which sign will not change with the ^ign of h ; 

.•. NT'—NQ and -3jy have the same signs, whatever 
be the sign of A, when h is indefinitely diminished. 

Hence the curve will be concave or convex at the point 
(j?,y) according as 

y and - ^y have the same or different signs ; 

or according as 

y and ^y have different or the same dgns; 

or as 

y.^y is negative or positive. 

If by the substitution of the given values of w and y, 
d^y and also ^y should be rendered equal to 0, the curve 



will in like manner be concave or convex according as y.d^y is 
negative or positive; — and generally, if the substitution of 

any proposed values of a? and y render 9jy, ^y, 3j"'''y 

separately equal to 0, the curve will be concave or convex to 
the axis of w at the point corresponding to those values, ac- 
cording as y*^^y is negative or positive. 

Ex. Given the equation to a circle (/p — o)*+(y — 6)*=r*, 
to determine what portion of the curve is concave or convex 
to the axis of w, 

(j?-a)*+ {y-hy^r^\ 

.*. «r - a + (y - 6)-9*y — 0, 

and l + (9,y)'+(y-6).a^y = 0; 

or 3jy as — 



(y-hr 



■■y^.^-Mi^^ 



2 



Hence, since { r j is necessarily positive, if 6 be sup- 
posed positive and > r, in which case y is always positive, 
y-d\y will be negative or positive, and the curve will be 
concave or convex, according as y is > or < 6 ; or according 
as the point is taken above or below that diameter of the 
circle which is parallel to the axis of w. 

129. If for the given value of «r, as o, y = 0; or if one 
or both of the values of y corresponding to w-a^h^ when h 
is indefinitely diminished, be impossible; or if (9,y),:^a=co , 
i. e. the tangent to the curve at the given point be perpen- 
dicular to the axis of w\ it is evident that the preceding 
reasoning is inapplicable, and that the curve cannot at the 
given point be either "concave*"* or "convex'*'* to the axis 
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oi Wf except in the case when it touches that axis, and the 
cpntjguous pointy of the branches in oppo»te directions from 
the point of intact lie <m the same side of the axis, in 
vjhich ca^e the curve will be ^^ convex^ to the axis of ^. 

130. To find whether a curve which touches the awis 
of abacisscLB is *^ convex^ to that aofis at the point of contact 

Let <r s a be the abscissa corresponding to the point of 
contact; then, since ^^^^=0, and (9*y),=a=^j ^^^ values of 
y^±» are 

and, since when h is sufficiently diminished, the sign of 
these series will be the same with the signs of their first 
terms, it is evident that, when h is indefinitely diminished, 
the values of y^^^ij^ will have the same sign — or the con- 
tiguous points of the branches in opposite directions from 
the point of contact will lie on the same side of the axis 
of Wy i.e. the curve will be ^^ conveaT — when the first 
differential of y^ which does not become equal to for the 
given value of x^ is of an even order. And it is also evident 
that the branches of the curve will lie both above or both 
below the axis, according as the sign of such differential is 
positive or negative. 

131. But although, at a point where the curve cuts 
the axis of a? — or where one of the values of y,^^,^, when 
h is indefinitely diminished, is impossible — or where the 
tangent to the curve is perpendicular to the axis of a? — 
the curve cannot be "concave'' or "convex'' to the axis 
of Of within the meaning of the term as defined in Art. 128 : 
it may nevertheless be determined whether any branch 
of the curve at the proposed point, considered as proceed- 
ing from that point, is ^pcave or convex, i.e. lies with 
regard to the axis of w in 4 manner similar to the branches 
PQy PSf or to the branches PjR, PU in the annexed 
figs. : — 
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K P 



(») 



>: 



M X 





r«) 



H X 




M X 




132. When a curve cuts the aoois of abscissas at a 
Jmite oblique angle, to find whether any branch of the curve, 
considered as proceeding from the point of intersection^ is 
concave or convew to the abatis at that point. 

Let PQ be the proposed branch of 
the curve; 

AN (jB+K), NQ, the co-ordinates of Q. ^ 

And let NQ, produced if necessary, intersect the tangent 
at P in the point T. 

Then it is evident that the branch PQ will be concave 
or convex to the axis of <v according as Q does or does not 
fall between N and T, or according as NT - NQ is positive 
or negative, when h is indefinitely diminished. 

But JVT- J\rQ= - {ajy.p + e^y.p+ &c.} Art. 128. 

and, when h is sufficiently diminished, the sign of this series 
will be the same with the sign of the first term of which the 
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coefficient is not equal to ; therefore, since k is not supposed 
to change its sign, NT -- NQ will be positive or negative 
when h is indefinitely diminished, — i.e. the branch will be 
concave or conveWf^-^-according as the first of the differentials 
d^Pf dly, &c., which does not become equal to for the given 
value of w^ is negative or positive. 

If — A be substituted for h in the above series the con- 
cavity or convexity of the corresponding branch may in like 
manner be determined, and the branch will be concave or 
convex according as the first term of the series 

A* A' A* 

which does not become equal to 0, independently of A, is 
negative or positive. 

If the first term which does not become equal to O by 
the substitution of the given value of x should have more 
than one value, the concavity or convexity of the branch 
corresponding to each of such values may in like manner 
be determined. 

133. It is evident that the preceding reasoning is ap- 
plicable to any branch of a curve considered as proceeding 
from a given point in it, if the tangent to the curve at that 
point be oblique to the axis of a?, whether part of the curve 
lies on each side of the given point, or the whole lies on 
one side, as in Figs. (2) and (3), Art. 131 ; except that 
in the latter case, as there is no value of NQ correspond- 
ing to both the values of tT, a + A and a — A, when A is in- 
definitely diminished, the series for NQ in powers of A must 
contain one or more terms in which the index of A is of the 

form , and therefore cannot be obtained by Taylor'*s 

Theorem. (Vide Art. 102.) 

134. If there should be no possible value of y^^^ 
when A is indefinitely diminished, there is no part of the 
curve immediately contiguous to the proposed point, and 
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therefore the curve cannot be said to be either concave or 
convex at that point. Points of this sort are called ^^ isolated 
points,^ and will be treated of hereafter. 

135. To find whether any branch of a curoey considered 
as proceeding from a point at which the tangent is perpen- 
dicular to the aofis of abscissaSj is concave or convew to the 
fMiis at that point. 

Let PQ be the proposed branch of the curve ; 
AM{x)y MP{y)y the co-ordinates of P; 
AN{w + h)y NQ Q. 

Then MP is the tangent to the 
curve at P, and therefore, it is evident 
that the branch PQ will be concave or 
convex to the axis of a? at the point P, 
according as NQ is > or < MP independently of its sign, 
when h is indefinitely diminished. 

Let the value of NQ in a series of ascending positive 
powers of A, if capable of being so expressed, be represented by 

y + i?.A« + S.h^ + &c. 

Then NQ-MP^ R.h' + S.h^ + &c. ; 

and since, when h is sufficiently diminished, the sign of this 
series is the same with the sign of its first term, NQ - MP 
will be positive or negative, when h is indefinitely diminished 
— or the branch will be concave or convewy^-^ according as 
Rh^is positive or negative. 

136. To find the points of " contra^wure^ if there 
be any, of a plane curve referred to rectangular co-ordinates. 

Def. a point of " contra-flexure'^ is one for which the 
immediately preceding and succeeding points of the curve lie 
on di£Perent sides of the tangent, in the manner indicated in 
the annexed fig. 
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Let; QPQ[ be a portion of a plwe curve having a point 
pjf cpotra-flexure at P ; y| 

TPT' the tangent at P ; 

AM{iJo), MP(j/)j the co-ordinates of P, 

4N(iV'\^h)f NQf the co-ordinates of Q; 

AN\af-h), N'Qf, the coordinates of Q'. 

Produce JNTQ, JNT'Q' if necessary to 
meet the tangent at P in the points T and T'» 

Then it is evident, from the definition, tliat 
NT-^NQ and JVT'-.JVTQ', 

or - diy.^^ - ^.y^T^ - &^- (Art. 128.) 




will have di£Ferent signs, when h is indefinitely diminished. 

But since, by sufficiently diminishing A, the sign of each 
series may be made the same with that of its first term, this 
condition cannot be satisfied, unless the first term is equal 
to 0. Hence the values of w and y corresponding to points 
of contra-flexure, must satisfy the equation 

and also the original equation to the curve. 

If any of these values of w and y, when substituted, 
render d^y positive, the curve will be concave to the axis 
of Of for the branch corresponding to + A, as PQ, and convex 
for that corresponding to * A, as PQ^; and vice versd^ if df^y 
be rendered negative. 

If any such values of w and y render S^y equal to 0, 
the corresponding points will not be points of contra-flexure 
unless the same values render S^y also equal to 0; and 
generally, the points corresponding to any values of w and y 
will not be points of contra-flexure, unless the first difler- 
ential after d^y which remains finite for those values is of an 
odd order. 
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137' '^h^ conclusions obtained in the last article would 
also be arrived at by considering that the angle of inclination 
of the tangent to the axis of abscissas must be greater or 
less at a point of contra-flexure than at both the immediately 
preceding and succeeding points of the curve^ and conse- 
quently that at such a point the trigonometrical tangent of that 
angle, or d«y, must be a maximum or minimum, i. e. dx(3«y)» 
or d^y, must be equal to 0; or more generally, the first 
differential, which remains finite on the substitution of the 
corresponding values of w and y, must be of an odd order. 

Ex. 1. Required the points of contra-flexure in the 
curve whose equation is o^'^y » of. 



o"~\9!Jy ss fiM— l»x 



,n-l 



Now S^y » gives .r = 0, and the first differential which 
remains finite when this value of w is substituted in it, is 
of an odd or even order according as n is odd or even; 
therefore the proposed curve has a point of contra-flexure or 
not at the origin, according as n is odd or even. 

138. The construction and reasoning in the two pre- 
ceding Articles are clearly inapplicable to points of the curve 
at which the tangent is perpendicular to the axis of «, 
i. e. where dgy-oo; but since a tangent to the curve, which 
is perpendicular to the axis of zp, is parallel to the axis of y, 
the points of contra-flexure, if there be any, at which the 
tangent is perpendicular to the axis of /p, may be found by 
taking the differentials of w with regard to y, instead of those 
of y with regard to «v, and proceeding as in Art. 136. 

The points of contra-flexure at which the curve is per- 
pendicular to the axis of tV may, however, frequently be 
found more readily by the following method: — 

z 
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139. To fmd the points of contrajlesmret if there be 
anpf^ of a plane owrve referred to rectangular co-ordinates^ 
where the tangent to the curve ie perpendieulmr to the aaiis 
of abecieeae. 

Let P be a point in the curve QPQ! 
at which the tangent is perpendicular to 
AX. 

AM (w)y MP(y)j co-ordinates of P, 

AN{m^h), NQ Q, 

ANXx^h), Nd a. 

Then, it is evident that, if P be a point of oontra-flexure, 
one of the quantities NQ^ N'Q! will be greater, and the other 
less than, MP> 

Let the value of NQ — MP expanded in positive ascend- 
ing powers of A, when it is capable of such expansion, be 
represented by 

if.A« + S.h^ + &c. 

then the value of N'tf - MP will be 

i?.(-A)« + 5'.(-A)^ + &c.; 

and since, when h is sufficiently diminished, the sign of each of 
these series will be the same with the sign of its first term, 

NQ - MP and N'Q^ - MP wiU have difierent signs, or P 
will be a point of contrarflexure, when A' and (—A)* have 

different sisnds, i.e. when a is of the form *. 

Ex. Required the points of oontra-flexure in the curve 
whose equation is aa^ « y^ + o^. 

By taking the differentials of y with regard to Wy and pro- 
ceeding according to Art. 136, it will be found that there is 
no possible value of w which will satisfy the equation d^"y s o ; 
and therefore no points of contra-flexure can be detected by 
this method. 



* a cannot be an integral number, since in that case R would be one of the 
differentials of y, all of which are separately equal to oo. (Art. 102.) 
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Again, taking the differentials of m with regard to y, 

and 2 a.(dy^)' + 2 aw.d^w « 6 y ; 



= 6y- 



9y* 



2(jr'+«i*) 

~ 2(y»+o') ' 
^ 3y«-12o»y 

and <^« = ; f ■ ; . xrj . 



Hence it appears that 



^-nand^=M 
w^a) a? = - a j 



satisfy the equation d^w «* 0, and the original equation to 
the curve; and it will be found on trial that these values, 
when substituted, render ^w finite ; therefore the two points 
of the curve corresponding to thede co-ordinates are points of 
contra-flexure. It appears also that at these points the curve 
is perpendicular to the axis of w. 

The points of contra-flexure in the above example may 
however be found more easily by the method pointed out in 
Art. 139: — 

For, since a/r* = j^ -f fl", 

%aw.dyW^ 3y*; 

and since the values y « 0, ^ » Js a, evidently satisfy the 
original equation, and render 9^37 = or 3,y — oo, the tangent 
to the curve is perpendicular to the axis of ar at the points 
of the curve corresponding to y»0, ^ = a, and y = 0, a?=-o. 
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But ^s aof - €?\ and if y' be the value of y correspond- 
ing to the abscissa a + A9 

y'» = o (a + A)« - a? 
= 9,€?h H- a A*; 

and since y = 0, when iv = a, 

in which the index of the first power of A is ^, i.e. of the 

^ 2W + 1 
form . 

Therefore the curve has a point of contra-flexure cor- 
responding to or B a, y^^y and in the same manner it may 
be shewn that it has such a point also corresponding to 
.17 a . a, y = 0. 

140. To find the paints^ if there be any^ in a plane 
curve referred to rectangular co-ordinates^ at which the 
tangent ie perpendicular or parallel to the aans of abeciesas. 

Let u^J^{/s^y)^0 be the equation to the curve; then 

3*y = - 4^ • Art. 74. 

I. Now for those points in the curve at which the 
tangent is perpendicular to the axis of <v, d^y = 00 , 

Hence the values of «r and y corresponding to such points 
must satisfy the equations 

tt = o, 9(y)t* = o, 

and not render ^(g)U equal to 0. 

II. Again, for those points in the curve at which the 
tangent is parallel to the axis of .r, d,^^ =» 0, 
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and the values of cT and y corresponding to such points 
must satisfy the equations 

w = 0, d^^)U = 0, 
and not render ^^)'u equal to 0. 

It is evident that, in the latter case, if the values of 
(c and y render d],y a finite quantity, the ordinate will be 
a "maximum''* or. a " minimum.'' (Vide Art. 114.) Also, in 
the former case, if the values of x and y render d^x a finite 
quantity, the abscissa will be a "maximum'^ or "minimum." 

Ex. Required the points at which the tangent to the 
curve, whose equation is a?* - 3aa?y + y' = 0, is perpendicular 
or- parallel to the axis of a?. 

u::^aP — Saxy ^i^'^ 
.'. d^^^u^Saj^-Say, 
\)U^Sf^Sawx 

.*. the tangent to the curve is perpendicular to the axis 
of CD for those values of w and y which satisfy the equations 

a^ ^ Saofy 'h^^'O, and 3^-007 = 0; 
which values are,a? = \/4.o, y^y/2.a. 

Also the tangent to the curve is parallel to the axis of of 
for those values of x and y which satisfy the equations 

07^ — Saxy + i^ = 0, and ai^ — ay = 0; 
which values are a? = y/^.a^ y = v 4.a. 

141. To determine the ^^ multiple'''' ^^ osculating^'' and 
" isolated'^ points^ if there he any^ in a plane curve referred 
to rectangular co-ordinates. 

Def. a "multiple" point is one at which two or more 
branches of the curve intersect, making finite angles with 
each other. 
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An ^* osculating^ point is one at which two or more 
branches of the curve meet, and have a common tangent. 

An ^* isolated*" point is one which is detached from the 
rest of the curve*. 

Let u^J\w^y)^0 be the equation to the curve, cleared 
of radicals; then (Art. 74.) 

9(»)t* + 9ty)tt.3*»-»0, (1) 

And generally, taking the n^ differential of u, 

I. Now for the values of w and y corresponding to 
a ^^ multiple^ point, 9,y will have several values, while ^^^u 
and d^y^u have respectively but one value. Hence equation 
(l) must be satisfied independently of d,^. 

.\ d(«)U B 0, and d^y^t^ « 0« 

II. Again, since the ordinate corresponding to the abscissa 
a? + A, when h is sufficiently diminished, is equal to 

A* A' 



* A point of this nature is frequently called a ^'conjugate** point, on the sup- 
position that it is produced by the eoaietdng into a point of some re-entering curve, 
which belongs to the equation in a more general form. Thus the equation to two 
concentric circles, whose centres coincide with the origin of co-ordinates and whose 
mptctive ndii Hie a and 5, when aolyed with regard to y, is 

and if be substituted for a, by which one of the cirdes Is reduced to a pdnt, die 
corresponding equation 

is the equation to a curve consisting of a circle, whose radius is 6, and a ^^ conjugate" 
point at its centre. 
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it is evident that, for the values of x and y corresponding 
to an ^^ osculating^ point, ^y, or some higher differential, 
as dly^ will have more than one value, while y, d«y, and 
any other lower differential have respectively but one value. 
Hence for such values of a? and y equation (2) must be 
satisfied independently of d"y; 

and therefore, from equation (l), if d«y be not oo. 

If h^y be oo, hyX^O for the same values of x and y, 
and therefore, if the differentials be taken with regard to 
y instead of or, it will appear as before that 

9^,,w*0, and 3(y)W-0. 

III. Again, for the values of x and y corresponding to 
an ^^ isolated'" point, since the ordinate corresponding to/p+A 
is impossible when h is sufficiently diminished, it is evident 
that some term in the series 

y + 9,y.A + 3jy. — + 9Jy. .— + &c. 

A* 
must be impossible; and, therefore, if d^y.j— be the first 

In 

such term, equation (i) must be satisfied independently 
of Sr^y; 

Hence, 9^)W = 0, and .*. 9(,)«* = 0. 

Therefore the values of x and y corresponding to 
^^ multiple^ or ^^ osculating" or ^^ isolated" points must in 
every case satisfy the three equations, 

«arO, 9^,jW = 0, 9(y)t^ = 0; 

a condition by which the positions ot all such points in 
a curve may be determined. 

But further, to determine the nature of the point corre- 
sponding to any such values of x and y. 
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Since, for all such values 

it may be shewn as in Art. 97) that for the same values 

(n being such a number that this equation is the first of that 
form which is not satisfied by the coefficients of the powers of 
d^y) ; and if for such values of a and y no higher differential 
be impossible and this equation have any number of unequal 
possible roots, the point will be a ^^ multiple^ point, at which 
there are a like number of tangents whose positions will be 
determined by the corresponding values of 9«y. 

If it have any number of eqtual possible roots, the point 
will be an ^^ osculating'*^ point, at which a like number of 
branches of the curve will have a common tangent. 

If it have both unequal and equal possible roots the 
point will be both ^^ multiple'^ and ^* osculating.'*^ 

If all the roots of the equation be impossible, or if any 
higher differential of y be impossible, the point will be an 
^^ isolated"^ point. 

Ex. Required the "multiple,'' "osculating,'' or "isolated" 
points in the curve whose equation is /9* — aysf + hf^ « 0. 

If u^a/^ ^aya^ + bf^ ^Oj 

d^g^u^ 4!a^ — 2ayaf ^ Oy 

d^j^u ^ Sbf^ — aa^ =0; 

which three equations are severally satisfied by the values 

<r s 0, and 9 = 0. 

Therefore, proceeding as in Art. 97. Ex., it appears that 
the origin is a "multiple" point where three branches meet 
the axis of a?, one of which touches it, and the other two 

intersect at angles tan~^ ( ^t v^t ) » ^ ^^^ ^ being supposed 
to represent positive quantities. 
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142. If the given equation to the curve be solved with 
respect to one of the co-ordinates, as y, the ^^multiple^^ ^* oscu- 
lating^, or *' isolated^, points may often be detected more easily 
than by the previous method. For, if the value of y in terms 
of ai contain a radical affected by a coefficient which becomes 
equal to when a particular value is given to a?, the point of the 
curve corresponding to such a value is frequently "multiple'', 
'* osculating'', or "isolated"; and the nature of it may be de- 
termined by taking some of the successive differentials of y and 
substituting in them the particular value of w, as in the follow- 
ii^ .Examples : 

Ex. 1. f^ ^a},{a-xf. 

Here y ^^ y/ai.{a — a?), 

and 3,y « ± (a — w). ^ sp y/ae. 

2y/w 

Now y^ = 0, and {d:,y),^^^\/a', 

therefore the point corresponding to <v«a, y^O, is a "multiple" 
point at which the tangents are inclined to the axis of w at 
angles tan"*va and tan"'(-\/a). 

Ex. 2. y = =fc (a - wy, y/a. 

Here 9,y = ±(a-.»)^ — -7=^^{a-x).y/x 

2va? 

a — <v.a — So? 

sr as — — — -: — yh— ' . 

2Vd? 
\ -_ ^_^ 

Now y,^ = o, 

and {^sy)s:.a^% 
but (a,«y),^ = =tv^; 

.'. the point corresponding to ^sa, and y^O^ is an "osculating" 
point of whi^h the common tangent to the t^o branches of the 
curve is parallel to the axis of x. 

. Aa 
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Ex. S. y« « fc« A (a^ - o»).\/«*-2^. 

Here y.d,y « ±2a?.\/a*- 2/p*=f — 7===^ 

Now, let ^ = ± a, then y = ± fr ; 

but (3,y),=±a is impossible; 

.-. the points corresponding to oe ^^a^ y s^^h are ^Msolated"^ 
points. 

14j3. To determine the ^^cuspa^^ if there be any^ in a 
plane curve referred to rectangular co-ordinates. 

Def. If two branches of a curve proceed from a point P, 
at which they have a common tangent, in the manner indicated 
in Figs. 2, 3, 4, Art. 131, the point P is called a cusp. 

The "cusp^ is said to be of the "first species'" when the 
branches lie on opposite sides of the common tangent, as in 
Figs. 3 and 4: — of the "second species^ when on the same 
side, as in Fig. 2. 

It appears from the above Def., that if a be a value of x 
for which (the tangent to the curve not being perpendicular to 
the axis of a?,) y^„, and (3,y)^a have respectively but one 
value, while one of the quantities y^^^^ has two values and the 
other is impossible when h is indefinitely diminished, the cor- 
responding point of the curve is a "cusp^:— ^nd that, if the 
tangent be perpendicular to the axis of <r, b be the corres- 
ponding value of y, and one of the quantities «v_5^ has two 
values while the other is impossible when h is indefinitely 
diminished, then also the point is a "cusp^\ 

To find the values of a and 6 in any proposed case, solve 
the given equation with regard to y; then, if the resulting 

equation contain a single function of or of the form P ^» , the 
corresponding term will be afiected by the double sign sk ; and 
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if a be a root of the equation P« 0, and the substitution of one 
of the quantities a^h toT w render P negative but the coeiH- 
cient of P in the equation not equal to 0, it is evident that 
the corresponding point will be a "cusp''^ provided (9j,y),^ 
have but one value, and such value be not oo . 

If (3«y)jy^ B 00 , i. e., the tangent be perpendicular to the 
axis of w^ the corresponding point may be either a cusp, as P 
Fig. 4. Art. ISl, or a point situated as P Figs. 5 and 6. In 
the former case, the point P in the curve UPR or SPQ will 
not be discoverable by the preceding method; but may be 
determined as follows : — 

Solve the equation with regard to <r ; then, if the resulting 

gui-H 

equation contain a function of y of the form Q ^ , such that 
Qy^ ^ 0, and one of the quantities Qy^b±h ^^ negative, and 
i^v^)y=b *= ^> ^^^ corresponding point is a cusp. 

To determine the " species ** of the cusp, that value of 
yx^a±h9 o^ ^y=&±A9 which is not impossible, must be obtained 
in a series of powers of A, and the concavity or convexity of 
the corresponding branches of the curve determined as in 
Arts. 132, Ids, 135. 

If the point be not on the axis, and one branch be concave 
and the other convex, the cusp is one of the ^* first species^; 
but if both branches be concave, or convex, the cusp is one of 
the "second species^\ 

If the point be on the axis, and the branches lie on the 
opposite sides of the axis the cusp is of the "first species'^, 
if on the same side the cusp is of the " second species^\ 

Ex. Required the "cusp*** belonging to the curve whose 
equation is' 

(y - 6 -c.r*)* = (a? - a)\ 

Solving the equation with regard to y, 

jf s 6 + ca?*sfc(«i?-o)«, 
which contains a function of a?, viz. (tX?-a)J, of the form P~5Jr^ 
and a is a root of P <= o, or iT - a « 0. 
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Now when a - A is substituted in P for w^ P is negative^ 
wMk its coefficient is finite; also (d,y)^,"«S^a has but one 
value. 

Hence j? = ii, y « 6 + ca*, are the co-ordinates to a " cusp^. 
Again, y^^+n -h -^ cc? + 2aoA + cbf ± A^; 

both of which values are positive when A is sufficiently di- 
minished. Hence the cusp is of the " second species**. 



II. PBOPBRTIES OF PLANE CUBVBS WITH RBLATIOK TO OTHBB CUBVBS. 
CONTACTS, CIRCIifi OF CURVATURE, AND BVOliUTES. 

144. Let two plane curves be referred to the same axes 
of rectangular co-ordinates, and F, y be the ordinates. for a 
common abscissa x^ and Y^ Fx^ y ^J^a: the equations to the 
curves; then 



For+A -/jr+A = F-y + (a,F-a,y).A + (ajF-a'y)..— + &c.... 

L! 

If now F= y, the two curves meet at the point {pB^y). 

If also d^Fsd^j^, have a contact which is said 

to be of the first order. 

3xF=3Jy, , have a contact which is said 

to be of the second order. 

And generally, if such equations hold as far as d^Fs d*y, 
the two curves have a contact which is said to be of the n** 
order at the point corresponding to abscissa x. 

It is obvious that the above series expresses the distance 
between the curves, measured along the ordinate corresponding 
to a common abscissa d7+A, which, when A is indefinitely di^ 
minished, is less or greater, according as the order of contact 
is higher or lower. 
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145. If on^ of the curves be given^ the other may be 
made to have with it i^ conti^ct of the n^ order y provided 
that the equation of the latter contain n + 1 arbitrary con-' 
stants. For these constants may be so assumed as to satisfy 

the w + 1 equations 

F=y, a,r=a,y, ajF=ajy, ^ir^diy. 

Thus the equation to a straight line, being Fss aw -\-b, 
contains two arbitrary constants, which may be so assumed 
as to satisfy the two 'equations F=y, BgY^d^y, Hence 
a straight line may be made to have a contact of the ^rst 
order with a given curve at any point, in which case it 
coincides with the tangent to the curve at that point, 
(Art. 50.) ; and if X^ Y be co-ordinates of any point in the 
straight line which is a tangent to the curve at the point 
(<2?,y), the equation to it is 

Again, the equation to a circle, being (tr-a)* + (F-/3)*=i?'^, 
contains three arbitrary constants, which may be so assumed 
as to satisfy the three equations F«y, 3*F«3,y, 3jF=^y. 
Hence a circle may be made to have a contact of the second 
order with a given curve at any point ; and the circle which 
has a contact of- the second, or any higher order, with the 
curve at any point is called the "circle of curv^ture^ to 
the curve at that point. 

146. To determine in what cases the tangent , or the 
circle of curvature^ cuts the curve at the point of contact. 

Let y =y^ represent the equation to the curve, 

F= Fof tangent or circle. 

Then F^ -/^= F-y+(3,F-a,y).^+(ajF-a» ^ + &c. 

^ LI 

I. For the tangent, F=y, 3,F=9,y, and 3^F=3^F=&c.=0. 



which dianges its sign with the sign of A, if A be sufficiebtly 
(fimiiiidied, when the first differential of y which does not be- 
oome equal to is of an odd order, or the tangent has with 
the curve a contact of the second or some higher even order. 
Hence the tangent cuts the curve at the point of contact 
onlj when that point is a point of ** oontraflexure'^. (Art. 136.) 

II. For the cirde F«y, 3,F=3,y, and ^F=^y; 



.-. /'d?+A-ya? + A« (^F-^y).-j- + &c. 

L? 

which changes its sign with the sign of A, if A be sufficiently 
diminished, when the index of the first power of A in the 
series whose coefficient does not become equal to is odd, 
or the circle has with the curve a contact of the third or 
some higher odd order. Hence, as the *< circle of curvature^ 
has usuidly a contact of the second order only with the curve, 
such circle generally ctUs the curve at the point of contact. 

1 47- To determine the circle of curvature at any pro^ 
posed point of a given curve referred to reetanguiar co^ 
ardinates. 

Assume a and /3 to be the co-ordinates of the centre^ 
and R the radius, of the circle of curvature at the point 
(•r,y) of the curve. 

Then (X-ay+(Y-fiy^ B*. 

Also A'-a + (I'-i3).a,F«0, 

and i + (8,r)»+(r-/3)^r=o, 

hold for all corresponding values of X, F, d^^F, and ^F. 

But at the point (ie,y) of contact with the curve, 
X^x, Y~y, a,F = a.y, ^F=^y; 
.-. (*-a)» + (y-/3)*«J?*, 
ar - o + (y - /3).3,y = 0, 

1 + (3.?)' + (y -^)-^y = 0. 



1»1 



Hence, y-/3--gJ-{i + (3,y)*f, 



and ^ — o 



9*y 



fy ^' - (9'^)M 



Also ir-{,+(3.y)»}».ll|^; 

. „ |i + 0»yn« 

Hence, if the values of d^y and d^y be obtained, in 
terms of x and y, or of one of them only, from the equation 
to the curve, and substituted in the above expressions for 
a, /3, and jR, the position and magnitude of the <^ circle of 
curvature'' at any point (jv^y) of the curve will be deter- 
mined. 

Cob. \. The expression for JR, the "radius of curvature'', 
may be transformed into another, which is often more con- 
venient of application, when d^y is of a fractional form:— ^ 

Dividing numerator and denominator by (d,y)'> 



«.hMi= 



i.i. 



9 



0»yy 



**' * 3,0,*)' • 
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Cor. 2. If u ^J^{xjy) « be the equation to the given 
curve, since (Art. 74.) 



and ^,y^-'^^—T^\K)^'{^u,)^^^ 



.-. R^ 



1 



Obs. Since the circle has the same curvature at everjr 
point of it, and is of all curves the most easily described, 
it has been adopted as the measure of the curvature of all 
other curves ; so that when the radius of the circle of curva- 
ture at any point of a proposed curve is given, the curvature 
of the curve at that point is sufficiently defined and under- 
stood. 

Ex. Required the ^^ radius of curvature^ at any point 
of an ellipse. 

6 .-, 

Let yaa-va — 0?* be the equation to the ellipse, 
a 

then a,y=--.— p=^, 

a ^/a -or 

^ _ ^ «' <^^ 



b' 07* \« 



/ b' a^' \ 
V a a — X I 



ab 



(a» - .r*)l 

ab 
— ^— — — —, for any point (ar,y). 
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If the point be the extremity of the axis major, a^Uy y « 0, 

and Rt=—. 
a 

If the point be the extremity of the axis minor, « s o, y^b, 

and ij = — . 

b 

148. To find an ewpreasian far the ^^ Radius of Curv€^ 
ture^j token the arc of the curve, measured from some fiwed 
point in ity is the variable of differentiation. 

By the preceding Art., Cor. 1., 

And if « be the arc, (9,af)* + (9,y)* = (8,«)* = 1 ; (Art. 51). 



Hence 1 + (a,/.)« = 1 + (^) , 



(<b,wy + (a, y) 
1 



% 



(9.9)* ■ 

Also 3,(3,*)* = 5^^.3.(5^ 

3,af(3,y)»' 

B - _ ^ ^.^J^.yY 

Or similarly it may be shewn that 

9i» 



J€ — ~ *%• 



Bb 
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Cob. Since S^^iSls)* "(d.yY, 
and iP.(^y)»=(a.a»)»; 

••• «*W.^y + i^.yy] = (9.*)* + (9.y)* = » ; 

149. To prove that the ^^ Radius of Curvature^ is a 
mawimum or minimum when the contact of the circle of 
curvature with the curve is of the third order. 






3 

.-. log^ U = - .log. 1 + (a,y)* - log,- ^y ; 



2 



But if the contact be of the third order, ^, y, d^y, d^y, and 
d^y are the same in the curve as in the circle ; 



X 

.2 



.-. (/r-a)'+(y-/3)«-JP (l), 

M-a + (y-)3).9,y = O.-i (2), 

I + (9*y)' + (y-/3).a.V - (s), 

2.a,y.a.*y + 3.y.a:y + (y -i3).a:y = o (4). 

And from (4) 3.3,y.a> =- (y-/3).3»y, 

(8) i + (3,»)*--(y-/3).3,*y; 

3.9,y.3'y _ a*y 

Hence 9, log. i? = ; 
(Art. 118.) A is a maximum or minimum. 



i 
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160. To Jind the locus of the centre of the circle of 
curvature to any curve. 

Since the co-ordinates of the centre of the circle of curva- 
ture corresponding to any point of a curve are functions of the 
co-ordinates of that point determined by the equations 



(-4) 






if between these two equations and the given equation to the 
curve J7 and y be eliminated, the resulting equation between 
a and /3 will hold for all values of x and y, and is therefore the 
equation to the locus required. 

The curve thus determined is called the Evolute, and the 
given curve is called the Involute to it. 

Ex. To find the equation to the evolute of the ellipse. 

Here -7 + 77 = 1 ^ 

'' :;i'^^'~w^^' or a,sf^ — — . 

a (r ay 

a^y a*i^ 



ay \6* a'i 



C^lf'' 



A„d/3-y+— ^^; 
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or by substitution - Q. -r— — — - + l 

trtr a* 

a*-b* 






or (6/3)« = ^(a»-6*)i 

Similarly it may be shewn that 

(ao)l=^(o«-6«)l; 

.-. (aa)i+(5^)t=(^,+^.(a».6% 
or (aa)*+ (6/3)1= (a»-6«)i 



151. 7%« norma/ to the curve is a tangent to the 
evolute. 

Since a and /3 are functions of a;, differentiating with regard 
to w equations (A) in Art. 150, and representing — ^ * by p^ 

3,a = 1 - d^y.p - 9,y.3,p 

* - (3*yy - 9,y.9,p. 

And 3,i3 = 3,y + 3,p ; 

.'. 3,a + 3*/3.3,y = 0, 

d,y d,a 

-a./3. 
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Now the equation to the normal at the point (/Sfj/), since 
it passes through the point (a,)3), is 

and .-. is y - /3 « 9«/3.(^ - a), 

which is the equation to the tangent to the evolute at the 

point (a,)3) passing through the point (^92^). Hence the 

normal to the curve and the corresponding tangent to the 
evolute coincide. 

153. The arc of the evolute meaeared from a fitted 
point is always equal to the radius of curvature oorrespond-^ 
ing to the other eatremity increased or diminished hy a fiaed 
qtuintity. 

From -Art. 150, 

if p represent — ^ ; 

a = ^ - 3,y.p, 

and i? = \/i + (3,y)^/>. 
/. 3,a = 1 - dly.p - 3,y.9,i> 

and 3,j3 sr 9,y -I- d^p ; 

.-. (3,a)« + (a,/3)« - (a,y + a,py { i + (d^yy]. 

But if S be the arc of the evolute (3*«y)*»(9,a)*+(9,/3)^ 

'. 9,5'= (9,y + 9,/>) Vi + (9,y)'- 
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Also d^R = \/i + (3,y)^9,p + p. 



S*y-9jy 



\/i + (3,yr 



= v^i+(3,y)*.9,p -f 9,y.\/i + (9,y)* 
=.(9*y + 9,p).\/i + (3*y)* ; 

Hence S ^ R^ constant quantity* 

Note. From the two preceding propositions it follows 
that if a string of sufficient length kept constantly stretched 
be unwound from the evolute of a curre, either the extre- 
mity or some point of the string will trace out the cuiftve 
itself. Hence the term ** evolute."" 



ASYMPTOTES. 

Def. An asymptote to a curve is a line which, as the 
abscissa is continuously increased, approaches continuously to 
the curve, and becomes nearer to it than by any assignable 
quantity, but never meets it. 

153. To draw a rectilinear asymptote^ if there be any, 
to a given curve referred to rectangular co-ordinates. 

If the curve admit of a rectilinear asymptote, it is evident 
that the tangent to the curve corresponding to an infinite 
abscissa may be considered as coincident with the asymptote. 

Let PT (fig. Art. 125.), the tangent to the curve at P, 
be produced to meet the axis of y in ^; 

AM{w), MP(y) the co-ordinates of P. 

Then AT = AM -^ TM 

= ^ - y.dytv, (Art. 126). 
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Also At = AT. tan PTM 

« (a? - y.Sj^a;).d^y 

or, if At is supposed to be measured in a positive direction 
from Aj 

At -y — w.dgy. 

And, if these values of AT and At, when ^s oo, are both 
finite, the corresponding line Tt, indefinitely produced both 
ways, is a rectilinear asymptote to the curve. 

If -47^,^=00, and At^^^ is finite, the line drawn at 
the distance Atg^^^ parallel to AJC is the asymptote. 

If At^^^ CO 9 and AT^^ is finite, the line drawn at 
the distance AT^^ parallel to J F is the asymptote. 

If AT ^^^ 00 , and also At^^^^ oo , no rectilinear asymp- 
tote to the curve can be drawn. 

If -43r =0, and At,^ is finite -or oo> AY, the axis 
of y, is the, asymptote. 

If At^^^- 0, and AT^^ is finite or » , . AXy the axis 
of ^, is the asymptote. 

If AT^g^^^ =s At^^^ , the asymptote passes, through Ay 
and its direction will be determined from . the value of 
(tan-*3,y)^^. 

Ex. To determine the rectilinear asymptotes to a Conic 
Section whose equation is %^=^mx ^naf. 

^ . 2 (wa? + n«!r*)* 



.'. -4T = a?-y.9 



X 



3- ^ 

m + 2n<v 
mx 



9(M 
Also At^y-^ ^-d^y 



= »T 



2 (ma? + n«*)i 



2 (m^ + nai)^ ' 



Or AT ^ 



, J 

m 

— -|.2» 

07 



and At ^^ 



V — +» 



^ 



.-. -47V«= , and-4^^=± 



2n' ^'=- 2^/^' 

wfaicb values are finite if n be not either O or negative, i. e., if 
the Conic Section be neither a parabola, nor an ellipse. The 
hyperbola, therefore^ has two asjonptotes, comqfXHiding^ to the 
two pairs of values of AT^^ and At^^, 

154. To find generaUy the curvilinear or rectUineaT 
asymptotes^ if there be emy^ to a plane curve. 

Let the equation to the curve be put, if possible, under the 
form 

r s 
y sa aoT -{- ha^-^ + + pw + g + - +— + &c. 

W Or 

m being a positive integer. 

Then, if F= aaf* + 6a?*"* + + pd? + g be the equation 

to another curve referred to the same axes of co-ordinates, for 
the same abscissa (a?) 

r s 
y- r=- + -- + &c.; 
a? or 
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therefore, as a? is continuously increased, the distance between 
the curves, measured by the difference of their ordinates, is 
continuously diminished, and becomes less than any assignable 
quantity, but never becomes equal to 0. Hence the curve 
whose equation is 

K= aaf^ + 60?*""* + + pa? + 9 . 

approaches continuously to the given curve, and becomes nearer 
to it than by any assignable quantity, but never meets it, i. e., 
it is an " asymptote^ to the given curve. 

If m=: 1, then the asymptote is a straight line, whose equa- 
tion is y = ax -^h. 

If m a: 2, the asymptote is the common parabola. 

If m be any whole number greater than 2, the asymptote 
is what is called a parabolic curve of the m^ order. 

As many series as can be found for y descending according 
to negative and integral powers of ^, bo many rectilinear or 
parabolic asymptotes does the curve admit of. 

Note. Although it is usual to have regard to such 
asymptotes only as are mentioned above, it is evident that, 
according to the Definition, each of the carves represented 
by the equations 

r 

<r 

r 8 
F= aaf^-\- 6a?"*"' + ... + p^ + a -f - + -3, 

&c. = &c. 
is an "asymptote'^ to the given curve. 

CoK. If m= 1, or the curve admit of a rectilinear asymptote, 
the series for y may be determined from the series proved in 
Art. 106. 

Co 
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y 



For, by hypothesis, — is capable of expansion in a series 



a 



of deflcending integral powers of w, the index of the first power 
being 0. Therefore, if — =y*^ be the equation to the curve, 

(Art. 106.) ; 

is the equation to the rectilinear asymptote. 

Ex. 1. Required the parabolic and rectilinear asymptotes 
to the curve whose equation is afy - Say*- cPx = 0. 

a^y - Say* - c?a = 0, 



or 



4a 4a at 

«• a?* . 4a* 8a* . 

"ia 4a^ *"^~1p^ ^' 

0^ a* 
.'. y- I-0./V+0 

2a ti? 



Also y « 0.a7 + + — i- 

w 



Hence, Fs — is the equation to a parabolic asymptote. 

ss a 

and Fe=o.af rectilinear 
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Or the curve has a parabolic asymptote, which is a com- 
mon parabola, with its vertex at the origin, its principal 
diameter the axis of y, and its latus rectum » 2a; and also 
a rectilinear asymptote coincident with the axis of at. 

Ex. 2. Required the rectilinear asymptote to the curve 
whose equation is ^ + ^ - Sawy » 0. 

y 

Let ~ —J^^i or y = ^'J^^^ then 
and if - = 0?, 1 + fy -) - Saz.f- = ; 

,\ (Cor. Art. 154) Y^-a-a is the equation to the asymptote. 



III. CURVES BEFEBBBD TO POLAR CO^RDINATBa 

155. To determine the direction of curvature of a given 
pkme curve at any pointy the curve being referred to polar 
corordinates. 

The direction of curvature of a curve at any point is 
the same with the direction of its tangent at that point. 
Let P be the point, (Vide Fig. Art. 53) whose co-ordinates 
are z.ASP{9), SP{r); then PT being the tangent to the 
curve at P, 

(Art. 53) tan SPT « r.9,0, 

.-. iSPT=^tan'\r.d,9y 



2u4 

Hence, if the value of d,d in terms of r and d, or of 
one of them only, be obtained from the given equation to 
the curve, the value of the angle SPT^ or the direction of 
the curve at any point, nSay be found by substituting in the 
above equation. 

Obs. Of the two angles which SP makes with the 
tangent at P, that which is equal to tan~^ r.d,d is the one 
which is on the same side of SP as the angle 9. 

156. To find the ^^ ^uhtangerW" for any point of a 
plane curve referred to polar co-ordinates. 

DfF* The line drawn from the pole at right angles to 
the radius vector of any point of the curve and terminated by 
the tangent at that point is called the ^' subtangent'"*^ 

Let /.JSP(9), SP(r) be the coordinates of the point P; 

PT the tangent at P; and let SZ be drawn at right 
angles to SP and meeting the tangent in Z (Fig. Art. 1 57) ; 
then SZ is the ^^ subtangent^ for the point P. 

And SZ^SP.XjBSiSPT 

« r,r.dr0, (Art. 53) 

Hence, if the value of d^d in terms of r and d, or of one 
of them only, be obtained from the given equation to the 
curve, and substituted in the above expression for SZy the 
*< subtangent^ will be determined for any point (r, 0,) of the 
curve, in terms of r and 6, or of one of them only. 

1 dar 1 

Obs. Since 3^ - = - -— = - •— , if, in the given equation 

to the curve, r be an explicit function of d, the process of 
finding the subtangent may frequently be facilitated by dif- 
ferentiating - instead of r. Thus, 

Ex. Required the subtangent for any point of an hy- 
perbola. 
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Here 



r 



2 



/!• — 


a(e«-l) 


r — 


1 + e.cos ' 


1 


1 + e.cos 

• 


r 


a(c»-l)' 


9er 


e.sin 6 


r^ 


o («"-!)' 


a(c2- 


1) 



and 7c — cs r— T-= subtangent for any point (r,0). 

157. 7*0 determine whether a plane curve referred to 
polar co-ordinates is ^^ concave'*'' or ^^conveaP'* to the pole at 
any points 

Def. a curve is said to be concave or convex to the 
pole, at any point a9cordipg as the radii vectores to the im- 
mediately preceding and succeeding points are both less or 
both greater than the corresponding radii to the tangent at 
that point. 

Let SP(r)9 ASP(0) be the polar co-ordinates of the point P; 
SQy JSQiO-^-h) Q. 

Produce SQ, if necessary, to meet the tangent at P in 7", 
and let the angle SPT = <j). Then the curve will be concave 
or convex to the pole according as ST' - SQ, when h is 
indefinitely diminished, is positive or negative independently 
of the sign of h. 

But ST^ SP. . ^^,^ 

sin ST P 

sin0 



= r. 



sin - A 

And smce d^ -r-— = - . J , 
^ sm (p (sm 0)* 

02 ^ ^ n-(cos0y 

^ sin (sin (p?) 
&c. = &c. 
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1 1 CO80 ^ l + (cO80y&* 

-T~T=T "^ "=~r + / ' I\i '^ "*" -7^^-Tr^-7^ + (Art 100.) 



sin (sin ipy [2 

A* 
= r + r.cot'0.A + r. { 1 + 2 (cot 0)*| .p + 

L? 

And since cot = — , (Art. 53.) 

^ r 



Also, since SQ is the same function of 0+A that SP is of d, 

A* 

L! 

.-. Sr^SQ = {r + ?.(aer)« - a|r|.^ ^ 

But, by sufficiently diminishing A, the sign of the latter 
series may be made the same with the sign of its first term 
(Art. 100. Cor.) which sign will not change with the sign 
of A. Hence, when h is indefinitely diminished, ST' — SQ 
will have the same sign independently of the sign of A, and 
the curve will be "concave'' or ** convex'' at the point (r^S) 
according as the sign of the coefficient of the first term is 
positive or negative, i.e. according as 

3|r — •(3e^)' is < or > r. 
r 

2 
Cor. If 91 r — .(9er)*«r, and the coefficient of A' in 

T 

the series for ST' - SQ be not also equal to 0, the point P 
is a point of " contra-flexure". 



207 

Obs. Since ^, ; = - ^ + ^* = - ^ F,r - !.(a,r)«| , 

it is evident that the process for determining whether a curve 
is "concave^' or "convex^ at any point may frequently be 

abridged by successively differentiating - instead of r; and, 

if - = t^, then the curve will be " concave^ or " convex^' at 
r 

the point (ryd)^ according as 

- ^u is < or > u. 

Also, there may be a point of "contra-flexure'^ if -9|t^=w. 

Ex. Required to determine whether the curve, whose 

equation is r*= — , is "concave^ or "convex"*' at any point. 

u 

Here au = y/O ; 

1 



.'. a.u^u s 



and a.dlu a . 



.'. -3flW 



1 



4>a'v? ' 



which is < or > Uf according as 4ia^T^^ is > or < 1 ; i. e. ac- 
cording as a*«* is > or < -^ ; or > or < ^ . Hence, the 
curve is " concave'' for all values of 6 from ^ to co , and 
"convex" for all values of 9 from to ^. 

If-9|« = w, or 6-^9 the corresponding point of the 
curve is a point of " contra-flexure". 

158. Let two plane curves be referred to polar co- 
ordinates having the same "pole" and "prime radius"; and 
let p, r be the radii vectores for a common angle 0, and 
p = (l}0, T^fQ the equations to the curves; then 



^d+h -fe+h » /» -r + (3»/. - dir)Ji + (dip - ^tr^-rr + he. 

If now p — Tj the two curves meet at the point (r^d). 

It tUm d^p ^ d^Tf have a contact of ths 1*^ 6rder. 

" dip^S^r, have a contact of thff S™* ^^. 

And generaUy, if such equations hold as far as d^p = d^r^ 
the two eurres have a contact which is said to be of the n^ «fder 
at the point corresponding to angle 0. 

It is obvious that the aboye series expresses the distance 
between the curves, measured along the radius vector corre- 
sponding to a common angle + A, which, when h is indefinitely 
diminished, is less or greater, according as the order of con- 
tact is higher or lower. 

159. Since <v, ^, the rectangular co-ordinates of any ptkH 
in. a curve, considered as referred to any axes of rectaqgular 
co-ordinates, are determinate functions of the corresponding 
polar co-ordinates, r and 0, whatever may be the equation to 
the curve, it is evident that d^y is also a determinate function 
of r, and d^r. Hence if r, d and d^r be the same in any 
two curves referred to polar co-ordinates, the corresponding 
values of ^, y, and d^y will be the same in the two curves, if 
referred to rectangular co-ordinates: — or, curves which have 
a contact of the 1st order at any point considered as polar curves 
have also a contact of the 1st order at the same point considered 
as referred to rectangular co-ordinates, and fnce versa. And 
the same may be shewn of any higher order of contact. 

160. As in Art. 145, the polar equation to a straight line 
being of the form lo.oosd + a^o.sin + 6 = 0, (Hymer^s Conic 
Sections, Art. S6,) in which there are two arbitrary constants, 
a straight line may be made to have a contact of the 1st order 
with a given curve at any point ; and the equation to a circle 
being of the form 

p* — 2 (a.cos 6 + fc.sin 0)p + a^ + 6' - c' = 0, (Conic Sections, 51.) 

which contains three arbitrary constants, the circle may be made 
to'have a contact of the S^ order with a curve at any point :■ 
would appear also from Art. 159, connected with Art. 145: 
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161. To determine the circle of curvature at any 
propoeed point of a given curee referred to polar co^rdi^ 
nates. 

Let a and /3 be the polar co-ordinates of the centre^ and 
iR the radius, of the circle of curvature at the point (r, 6) 
of the curve. 

Then, for the point of contact, the three following equa- 
tions 



r»-2a.co8 0-)3.r + o*-jR*«:O... (1) 



r.3ar - a. cos 0-/3. 3ar + o.sin0-/3.r»O (2) 

r.3|r+(9(jry-a.cos6-j3.30r+2a.sin0-/3.3o»'+a.cos9-/3.r«»O...(3), 

h<dd for all coitesponding values of r, 0, 3er, and ^r* 

Hence from these three equations a, fi, and R may be 
determined in terms of r, 0, d^r, and S^r. 

It will appear by elimination that 

1 ^ vaU 

Cob. If r = — , then oar = 5- , and 

u * «* 

. ^ 1 ^« + (aete)n* 

Ex. Required to determine the circle of curvature at 
any point of the curve whose equation is r a 6^. 

Dd 
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Here d#r ^ dgr « r ; tbcrefbre aubsliftutiBg in eqiiatioDs 
(1) (5^) «iid (3), and diwinathig 

i3 = e + 90** 

Cor. From equations (i) and (ii) and the given equation 
to the curve if r and be eliminated, the resulting equation 
l)etween a and /3 will be the polar equation to the Evolute. 

162. The equations to curves are sometimes given be- 
tween r, the radius vector, and p, the perpendicular from 
'Ae pole on the tangent; and although sadi equations will 
not serve to determine the form of the curve, many of the 
properties of the curve may be determined from them. In 

fact, since in all cases pa= -= =r , the equation to a 

cunre, 'given between r and p, is equivalmt only to that which 
would be obtained by differentiating its equation between 
r and 0. 

169^ To find an expression for the Radius of Curvaiur^ 
of a curve when its equation is given in terms of r and p. 

From Art. 54. Cor. 3. p « . ^ , if r = - , 



.-. 3ep = - 



^ « + d^u 

= - 3dW. ^-r, (Art. l6l., Cor.) ; 



.-. i? « - 



= r. 



d^tf 1 

«* Sep 
90P 



= r.9yr. 



ail 



.••M( 



Cos. By:ji0xilar triangks k^is evident that. the> Chord 
of the circle of curvature drawn through the *>pole^^ is:equal 
to 2p.9pr. 

164. The result obtained in the last Art. may be more 
directly arrived at in the following manner: 

Xet r be the radius vector to any point of the given 
curve, 

p the corresponding perpendicular on the tangent; 

d the distance from the pole of the centre of a circle 
which passes through the point (r, p), and hm 
the same tangent as the curve; 

R the radius of the circle ; p and w the co-ordinates 
r to any point in it. 

Then d* = B* + p* - SttJ? is the equation to the circle f 
and 0«2|0.9^p- 2i?; 

.'. R = p.d^p; 

which gives the radius' of the circle in terms of p and d^p* 

f» 
Now in any curve p= . — - — ; hence dpV will not 

V r* + (Cery 

contain diflFerentials of with regard to r of a higher order 
than the second : and therefore, if the above circle be the ^' circle 
of curvature ''\ dpV = d^p ; also r « p at the point of contact. 
Hence r.B^r = p.3^|o; and if R be the *^ Radius of Curva- 
ture" for the point (r^ p) of the curve, 

R^r.dpT. 

iEx. Required the "Radius of Curvature '\ and chord 
of curvature through the focus, for any point of an ellipse. 

The equation to an ellipse in terms of r and p is 
r? = , (Hymers'* Conic Sectionsy Art. 132.) ; 



319 



•• ^log,p«log^ir + li^r-log«ii-r. 



and 



2 3,r 3^r 



2a —r 



Sa 



r.(2a-r) 



.9,r; 



I 



ap 
Again, Chord of Currature through the focus ^^p.d^r 



165. To find the Ewflute of a curve token the equation 
io the curve is given between r and p. 



Let PO be the Radius of curvature to ^ 
the curve at P, and therefore O a point 
in the evolute. Then 

PO « r.9^r. 

Also PO is a tangent to the evolute 
at the point O; therefore if SY' be drawn 
perpcn^cuhir to PO9 SO and SY^ are re^ 
yective l j the radhu vector and perpendicidar on the tangent 
to the evdute. Let SO^p^^ and SY^mTTji then since 
Sr^PYy and Pr^SYy 




pj.^t = or« 



and 



(r.a,r-p)* 
r*-p» 



0) 
(«) 
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from which two r^^^(iom, Icig^ther with the .given equation 
to the curve between r and p^ by eliminating r and p an 
equation will be obtained between ^p md ir, which i^ therefore 
the equation to the Evolute. 



Ex. Required the evolute of the "logarithmic spiral 
whose equation is p = r.sin a. 



^ 



Here 


a,r 


1 

sin a 


••• P*- 


-tJ 


= -: r.sm 

Vsma 

« (cos o)* 
(sin a) 


And 


^l 


«r»-.r' (sin ay 
= r^ (cos aY ; 


• 


. r' 


2 
•^1 


• 


(cos aY ' 


and p\ - 


2 


= 7rJ.(cotan aYi 


•;. '7rJ.(coseco)* 


-P% 



% '«•>?/■•. 



1 * .— *\ 



or iTi * pi • s*** «> 

the equation to the Evolute ; which is therefore similar and^ 
equal to its involute. ^ 

166. To draw a rectilifiear asymptote ^ if tlkere be anyj 
to a curve referred to polar co^dinates. 

When a curve, which is given by its equation referred to 
polar co-ordinates r and 0, admits of a rectilinear asymptote^ 
the asymptote may be drawn in the jbllowing manner:—^ 
Find the value of 0, when r « oo ♦. and dt9^ %h$ Ifee SP 
which makes that angle with the *' prime radius^^; then find 
the value of . the subtangent SZt when r=0D, which will 
evidently be finite, if there be %n asymptote; draw thisi line 
at right angles to SP, and through Z draw a straight line 
parallel to SP; this last line will be the asymptote required. 



fil« 



'^ If -the vidue of SZr^ should be n^ative^ iC'iA«i0t be 
dvawn fmai S on the opponte ride of SF to that onuMl^ 
tbd angle SFT is measured. (Vide Art. 155.) ^ 5» 



' I \: * 



Ex. To draw an asymptote to the hyperbola , wbc^ 

. a(c*-i) , , ; 

equation is r = ;: . 

^ 1 +^*cos0 , : 

If r = 00 , 1 + e.cosO « ; 

/.I 

.-. COS0 = , 

e 

and d = cos~* — . 

e 

Also (Art. 156. Ex.) 

r* a(e*-l) 
iSZ (the subtansent) = -x — = ; — r- , 






••• -yzr^. — - — - 



eV^ 



= o.\/e* — I. 



1 



Hence the asymptote makes an angle cos"' — with the 



e 



*^ prime radius", and its distance from the pole is a.\/e*-l. 



IV. TRACING OF PLANE CURVES, Ac 

167* Having given the equation to a plane curve re- 
ferred to rectangular co-ordinates^ to find the form of the 
curve* 

By giving various = values separately to a?, and finding 
ft6m the equation to the curve the corresponding values of y, 
it is evident that any number of points in the curve may be 
found, and its form be thus determined to any required 
de^see of accuracy, provided the given equation is, or can 
b6,i s^^ wjth> respect to y. . ( 
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. i\ Buldhe form of ; the oursre may often be saffici^tly de^ 
t^:!Piliiied. by findings its nature at some priacipal p^into^ior 
detecting some of its properties. For tlus purpose, find tbe 
values of d^y and 3jy from the given equation to the curve 
J^i^iV) - ^ J^ terms of w and y, or of one of tbem^ ks a?, 
only. Then 

|y(^>y)}*=o= ^ ^^ P^^ *^^ point's at which the curve meets 

the axis of y ; 

{y(^,y)}y^o= will give the points at which the curve meets 

the axis of w ; 

3,y = will give the points at which y may be a max- 
imum or minimum ; 

35y = will give the points at which there ,qi^y be 
contra-flexure. 

Also 3,y will serve to determine the direction of curva- 
ture at any point ; and the sign of dly to determine whether 
the curve is concave or convex to the axis of ^r at any point. 

If 9,y should be of the form - for any values of w, the 

nature of the corresponding point may be determined by 
Art. 141. 

The determination of the "afiymptoW,,if there be any, 
will also serve in some degree to fix the form of the curve, 
and they may be drawn by Arts. 153, 154. 

The preceding method of determining the form of a curve 
will, however, in practice, sometimes be found troublesome from 
the difiiculty of the operations. In such cases the following 
method may frequently be used with advantage: — 

168. To approanmate to the form of a plane curve, 
given by its equation referred to rectangular w-ordmates, 
hy finding parabolic turves, which coincide with the required 
curve at the origin for very small arcs, and " asymptotes V 
to the infinite branches^ 

The co-ordinates being taken so that the curve passes 
through the origin, assume y^Ax^-^ then to determine the 



316 

pArabc^e carves which coincide widi the given ein^ kt the 
origin, substitute this yahie of y in the given equation, and 
assume a such that the index of a in two of the terms is the 
same and less than any other ; when ^v is so small that hi^er 
powers of a may be neglected compared with lower, the equsr 
tion will be reduced to those two terms ; which will determine 
A and (x. Hence at the origin the curve coincides with the 
parabolic curve whose equation is y ^ Aa^. 

If a should be equal to 1, the equation ff*»Aa* will dbtdt- 
mine only the direction of curvature at the origin ; and whether 
the curve is concave or convex cannot be known from it In 
this case assume y ^ Ax ^^ Bafi; then, substituting this value 
of y in the given equation, the quantity y '^ Aw will disappear ; 
and, assnming )3 > l and such that two of the indices may be 
the same and less than any other, when w is very smidt the 
equation will be reduced to those two terms ; which will deter- 
mine B and /3. Hence at the origin the curve coincides with 
the parabolic curve whose equation is ^ « Aw + Bafl. 

If a be determined such that two of the indices may be the 
same and greater than any other, the equation will be reduced 
to the two corresponding terms when J7 » oo. And the curve 
whose equation is y=^Aw^ will be an *^ asymptote^ to the 
given curve. In this case, if a = l, proceed as before, deter- 
mining j3 such that two of the indices may be equal and greater 
than any other. The resulting equation y^Aw-^ Bafi will also 
be an *^ asymptote ^. If /8 ^ 0, the cuWe has a reeiiUnear 
asymptote whose equation hy^ Aw -^ B. 

Ex. 1, The equation to a curve is («* + y^y = a\a^ - y*), 
required its form at the origin of co-ordinates. 

If ^ B 0, 9 » ; therefore the curve passes through the 
origin. Assume y ^ Aw^^ then 

or «* + 2 ^«.»««+* ^- A^w^^ = o« «2 - a*^ V« ; 
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ji\i )J-^^0=?««Tii^uit=ri^g thep> negliBcjtifig the ^jjh^.tfirffi^ 

r I . or ^ = 1, 

-lii [t'j . 'i , .- . or ^ =» ± 1 ; 

o t 

Mence the curve passes through the origin in two directions, 
making angles of 45^ and 135" with the axis of <r; and, to 
-fii)^) file pufaboUc curves with which it coincides,. . aisume 

\yt^.^*w'\^{B^i and proceed as before. . , ,,^;. 

Ex. 2. The equation to a curve is {ay^ - <«?')* = d^cf^^ 
to approximate to its form. ' 

KJ Kn\i i»^% y^Oi therefore the curve passes th^oi^gh f|^ 
T*»igit>- Assume y = ^.i?% then ,.i, ,.^ 

'■ '. 'f 'ifi 
Let 2a + 8 = 14, or a = 3, then neglecting the other terms, 

or ^ = ± --; .1 ui 

wbifih determines two branches of the curve for very small 
arcs, each of which, as it may easily be shewn, touches the 
axis of w, and has a point of contraflexure at the origin. 

4 
Again, let 12as=2a + 8, or a = -, then neglecting the 

o 

other terms, which are higher powers of j?, 

or A^^=a^; 

,'. A —^ as 
and y « sfc a'^?', 

E E 
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which detemiiits two More bnmcbes, cwdi of which, as it 
amy eafiilj be Bhewn, touches the axis of y, and fonosifc 
^^cusp of the l8t species^, the two cusps lying on oppodlt^ 
sides of the origin. 

Again, to find an asymptote to the infinite branches, 

7 
let 6a + 7 = 14, or a » * , 

o 

then neglecting the other term which is a lower power of .^, 

or a^*- 1 «0; 



, » 7 

and y » ^ «v*, 



which gives an ^^ asymptote^ consisting of two similar and 
equal branches, each of which touches the axis of m at the 
origin and lies wholly on the positive side of it. 

Hence, having determined the nature of the curve at the 
origin and an asymptote to its infinite branches, a con^der- 
able approximation to its general form has been attained. 

109. If a series ofeufves be described by the caniintwus 
variaium of some constant which enters the general equation 
including all of them, to find the locus of the intersection of 
two consecutive ones. 

Let J^ipp^y^a) ^0 be the equation which represents the 
whole series oi curves by the variation of a; and let a and 
a-^-h be two values determining two corresponding curves 
whose equations are 



i ' 



y(^>yj«) * 0, and f{x,y,a + A) = 0; 

orf{afjy^a)^Oy 

A* 
jind/(/r,y,a) + \)fiaf,yjayh + 9^a)/(^,y,o) r^ + &c. = 0. 



ifi9 

Aod if we.4U{lpMe j^^y the point in whiich these t^m cUrves 
i|^t(^peeot, &» those values of w and y the above c«|u8tioas hoM 
tqjj^ti^r ; therefore for the same values 

But by the hypothesis the two assumed carves must be 
consecutive, therefore a+A must differ from a by a quantity 
less than any which can be assigned,, that is, h must be less 
than any assignable quantity, and consequently the sum of 
the terms after the first in the above series will be less than 
any assignable quantity, or 

9(a)/(^»y>«) = <>• 

Hence the elimination of a between the two equations 

■ » .'« 

/(^»y»o) = 0, and 9(.)/(^,y,a) = . , 

will give the locus required. 



••.« 



170. The cur^e determined in the last Art. touches \M 
the curvee of the series. 

For since a is a function of w and y determined by the 
equation d(a>y*(^9y»a) « 0, the equation for deteranning d^ is 

which becomes 

Also the equation for determining d,y in one of the curvef 
corresponding to a given value of a is 

therefore, since for the point in which the two curves meet the 
values of m and y are the same in each, and also the equations 
for determining d^y in terms of these quantities are the same, 
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it foUows that d^y is the same ; and therrfore the curves have 
a common tangent at that point, i. e. they touch each other. 

Ex. To find the curve which bounds all the parabolas 
described in one vertical plane by a body projected from 
a given point with a given velocity in all possible directions 
in that plane. 

Let the point from which the body is projected be the 
origin of co-ordinates, the axis of w being horisontal and: of 
y vertical. Let h be the height due to the velocity o£ jms^ 
jection, and a the angle of projection for any one of the 
curves; then (Whewell's Mechanics)^ 

the equation to any of the parabolas is 

y = J7.tan a r (sec aY. 

Therefore, differentiating with respect to a, 
= d7.(sec a) 1*(®^ a) .tan a ; 

a? 2h 

.-. 0=1 .tan a, or tan a = — . 

2h 3D 









at"- 



= *-4A' 
.'. uf^- ^h.{h - y). 

Hence the curve required is a parabola, whose focus is 
the point of projection, principal diameter the vertical line 
through that point, and latus rectum equal to four times 
the space due to the velocity of projection. 
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APPENDIX 



^ Iv To differentiate a/^ directly from the Definitiouj 
XA^t^'6.), when n is a positive integer^ without assuming 
Hne Bin/omial Theorem. 

A,a7* is (a? + *)" — ^* ; 

■ 

A,^ _ {(B + hy - of' 

h («r + A) - a? 






X 

1 - 



^ + A 
by actual division 

"" *\ 0? + ^ \a? + A/ Vv + A/ j' 

.'. substituting for A, 

3,j?"= i»""*.{l + 1 + 1 + ... to « terms| 



= na?'"V 



m 



II. To differentiate (jd^^ where m and n are positive 
integers. 



m m 



h {jJB -^h) ^ w 



(a; + A)* . — 



1- 



«!? + A 
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dividing Numerator and Denominator of the fraction bj X —n 



{x + *)* 



*-i 1 +« + «*+...-»-«•" 



1 



l + ir + «*+ ... +«*"' ' 
.'. substituting for A, 

^ * 2-1 1 + 1 + 1 + .'.to m terms 

d- J7* = x^ . : 

1 + 1 + 1 + .. .to n terms 



•I* 2_i 
n 



III. To diffbrentiate x'\ and x"*. 

A (a?+A)— d? 

1 (j?+A)"-^ 



ai^.(x+hy' (d?+A)-a? 



A-7T-(^+A)""Ml + -^+--+ (— t) [» asinL 



.-. substituting for A, 



9.* liT'" 



= - «.^ 



-n-1 



^ -!* Ill -2-1. 

Similarly o^x >» = .^ " 

IV. To Jind tie Umita of the difference between the 
value of y^ + A and the first n tertns of Us expansion by 
Taylor'*s Theorem, when a particular value x^ is giffon to 
X, and h is a finite qtuintiiy* 
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rot _ g !£ 

If •/ !^>~i- be'repre9ented by d>(iv,.v), and « be substituted 

for » - 1 in equation (iV - 1) Art. 99, 
0-^^ + 3*^(«,ir).(ar - ») - n.9""'0(ar,ar) 

Hence, if ^ be the greatest value which d^y^r can assume 
while a increase* from or, to «, 

^ (sf - <-' + a. {ar >(»,»).(» - <}, 

or a. { - ^ (» - w)' + ar >0(»,ar).(» - wy] , 

s 

or d« For, (representing the quantity between the brackets by 
Faf) is not negative for any value of m from w^ to z. 

Assume x ^w^^ mk, and let Pq, Pi, P^.., represent the 
values of S^Fw corresponding to the values ^|, ^^ + /?, ^i +2Xp,,.. 
of ^; then, since 

k 

1 



Pa?i + i - Fw^ e P^.- + &c. 



Fw^ + 2Ap - Pa?! ^. fc « Pj. - + &c. 



Fz - P^, + (m - 1) Ap = P«.i.- + &c. 

ft 
.-. P« - Par, « (Po + P, + Pt + ... + P,.i)*- + &c. ; 

and if m be sufficiently increased or k sufficiently diminished, 
the sign of the whole series will be the same with the sign 
of its first term. But the sign of this term is positive^ since 
some of the quantities Pq, P), P2, &c. are finite and poulive 
and none are negative ; therefore 

Fz is > Pa?i. 
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But since {^"*0(*>«)|,=, -« -f:LL^ or is finite, (Art. 99), 

Fz s 0, and .*. Fw^ is negative. 

J 

Hence —.(«r-d?i)" is > {9;"^0(«,a?)},^,j.(«r- «,)"; 
n 



n 



n- 1 



whatever be the value of z^ if > x^. And if «, + A be sub- 
stituted for z^ the latter of the above quantities is the 
remainder (R) of the expansion otj^a^+h by Taylor's Theorem 
after the n first terms (Art. 99). 

.*. A.-- is > R. 

[»» 

Similarly, if A be the least value which d'^o? can assume 
while m changes from or, to of^ + A, it may be shewn that 

B.— IS > J?. 

[n 

Hence the remainder of the series after the first n terms 
is between the greatest and least values which the first neglected 
term can assume while x changes from w^ to <rj + A. And the 
same may be shewn to be true when h is negative. 

Ex. 1. Let /a = €*, then dljh = €', 

h* 
.'. the first neglected term « c'.t— . 

\n 

.'. limits of the remainder after n terms are 

e^i.i— and €'i**.i— . 
[n [n 

Ex. 2. Let ^fx K sin «r, then 



3" /a? as sin w.— -»- a?; 
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' .". the first neriected terra *= sin ti.— + a?.|— ; 

.'. limits of the remainder after n terms are the least and 
greatest values of this quantity for any value of tV from w^ 
to w^ -h A. 

If h be not < S-tt, the limits are 

A- , A- 

-. — and — - — . 
[n [n 

If h be between and tt, the limits are 

A" 
and =fc 1 — . 

I« 

V. To approanmate to the roots of equations by means 
of Tayhr's Theorem. 

Let fx = represent an equation, one of whose roots is 
known, by trial or otherwise, to exceed x^ by a very stliall 
quantity. Then, if h be that quantity 

^fx^-^h^O; 

or, by Tayior^s Theorem, if the equation be of n dim^isions, 

h A* 

and, since A is very small, its approximate value will be de- 
termined from 

I fx\ 
and the approximate value of the root is a?i — ( p^ ^ \ 

Similarly, if w^ represent this approximate value, another 
approximation will be obtained by taking x^ - f p. >. I ; and 

Fr 
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so on. And if each of these be nearer the true value than the 
preceding, the root may be determined to any degree of 
accuracy. For the limitations of this method see Hymers^ 
Theory of Equations, Art. 123. 

Ex. Required a root of the equation af^ — Sx -^ 1 =* 0. 

It is found by trial that one of the roots lies between 1.5 
and 2 ; therefore if ^i? represent ar* — So? + 1, an approximate 
value of CD is 



.5 - {^\ 

l9r,A).r=1.5 



But d^fw ^ Sa^ - 3, .-. (3,yi?),=i.5 = 3.75, 

and (/a?),=i.5 = -125; 

.125 

.-. the first approximate value of a? = 1.5 + 

3.75 

= 1.533. 

VI, To transform a given equation into another of 
which the roots are greater or less than those of the former 
by a given quantity. 

Let J^x ~ represent the given equation of n dimensions ; 
and let it be required to transform it into another whose roots 
are greater or less by the quantity A. 

Assume y = ^- A; then v = A + y, andyA+y=0; or, 
by Maclaurin'*s Theorem, since 



(/^ + y)y^ = (/^) 



x=h ' 



&C. K &c. 



which is the transformed equation arranged according to as- 
cending powers of y, each of whose roots is less than those 
of J^w = by the quantity A. 
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Similarly, if y = a? -f A, substituting - A for A in the 
above equation, the transformed equation is obtained, each of 
whose roots is greater than those of jfh = by the quantity A. 

Ex. Required to transform the equation 

into one whose roots shall be those of the proposed equation 
diminished by 3. 

Assume y = w — 3 ; then 
yjp as 0^ - 907* -I- 7a? + 12, and (j^),cis * - 21 ; 

9,yjr * 3a?' - 18a? h- 7, .'. (^mj'^)^^ « - 20 ; 

a»/r«6a?-18, .-. i^lfof),^^ 0; 

But (>),.a+(a./^),^.f + (a:/a^w^+(^^^^ 

.'. y* — 20y - 21 = 0, which is the required equation. 



VII. To ewpandj'of^h. Taylob^s Theorem. [Another 
proof.] 

Lemma. To prove that S^y*^ + A « \f^ +.A. 



Since 3-j? + A = 1 = 9*a? + A, 



.-. 'd^fw ^'h^'h^^^f OD ^h.h^fs Arh (Art. 15) 



= S*+*/^ + ^ 



= 9x+*/* + *-3a^ + * 



3ft/a? + A. 



Now, ^noefw^h^^fw y^- "^ .A, let the coefficient 



of A be represented by Pj, so that 



f w 4- A sjTo? + Pi.A. 



228 



Then 9,y a? + A « 9,yjp + 3,^i.A, 
and '^^00 -¥ h^ P^ -i- dj^P^.h; 
'. by Lemma, P, + O^Pi-A = 9*^*^ + 9»-Pi-A» 

or, p,-a,> + (a,p,-a,p,).A 

= 9,ya? -»■ P2-*» if ^2 represent 9,Pi 
.-. y 47 + A =/a7 + 9,yi?.A H-PgA* (l). 



-9,P,; 



Again 9.y*^ + A = 9,jra? + 9jyi7.A + 9,P2.A*, 
and 9;iy d7 + A = 9,yi7 + 9,P8.A* + 2P2.A ; 

.*. by Lemma, 2P2.A = dlj'w.h + (9,p2 - 9j|P2).AS 
or Pj = 9jyi7.- + P3.- , if P3 represent 9, P, - 9»P8 ; 



A» 



(2). 



Assuming that the law, thus indicated in the expansion 
as far as it has proceeded, holds for n terms, then 

A* 



/or + A = /a? + 9,/a?.- + ^If^'U + 



A""* A* 

+ 9;-y^.r^^— + p.. 



w- 1 



w - 1 



•'• 9,ya7 + A « 9, /'d7 + 9* /■a?.- + 9^ya?.p-+ 

1 [2 



^» >. A-^ ^ „ A- 

+ 9*/ar.n: — 7 + 9,P,. 



«- 1 



n- 1 



and 9;k/a? + A = 9,/j? + 9J/a?.- + 9J/a?.r- + 

1 |2 






[n- 



n- 1 



229 



.-. by Lemma, w.P„ = 3;/a? + (9,P, - 9a/'«)*> 



•. fm^h^fx + 9,/r.- + 3i/^-|^ + .- + 9;/^-j^ + ^"•*-'*T^' 

Hence, if the law of the expansion hold for n terms, it 
holds also for n + 1 ; but it has been proved true as far as 
three, therefore it is true for four ; and, if for four, for five ; 
and so on; i.e., generally for any number. 



EXAMPLES. 



I. DIFFEBENTIATION OF BXPLIOIT FUNCTIONS OF ONE VABIABLE. 

1. 9,|a?*(a + aiy] « (3a + 5a) (a + a)>ai^. 



M^^-'©"-(r- 



3. 3,(a + ^.v a-a?) = 



a- 3a 



4. a 



6. a 



6. a 



2y/a — a 

X a 



y/a - 5 J?* (o - *^)' ' 

1 -f zp* 4d? 

l-d?^"" (1 -J^)*' 



8. a,V^i±^ 



9. a 



1 -^ (1 -a?).\/l -a;*' 
V^o* — cV* —a* 

^ "" ar^Va* - x* ' 



10. 9;, . J y ■ ^. 

11. de(cos H- sec 0) = sin 0.(tan fl)*. 

12. a, ,/ = = — .— ===4=}(m+n)a?-(m-n)^f. 
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13. 

14. 

15. 
16. 

17- 
18. 

19. 



21. 



26. 



Vm = -^ .tV. 



3, sin aof - bar^ = (a — 2bw).coB aa — 6«»*. 
3, (a?", a*) » a?"' ^ a* (a? log^ a + n). 



e*,x 



€' 



3,(j7.1ogea?) = loge^F+ 1. 



(l + d? - a?^). 



20. 3, loge loge A* = 



1 +\/l -0? 1 



22. 3, log. 



,r 



a?\/l —a^ 



23. 3, log. 



24. 3, log. 



(of + 4)' 



•r 



«r + 2 s? -{-^w -{-S 



{w + 2) 



s 



m 



y/{a> + 1) (af + 3)» (* + 1) (^ + 2) (« + 3) 






\/a-^h + V a— fe.^ 






27. 3,(^".€***«^«') = (n + 1) a?»-» e^^'"^. 

28. 3, log, sin X = cot w, 

29. a,iog,\/| 



1 + sin ^ 



1 — sm X cos X 
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30. 3, C08 log, J? = - sin log.- . 



y— COS a? 

31. o^vcosec^™ -T7-T 



32. a, sin-* 



2(sin/i^)i' 

1 -ay* 2 

1 + J7* 1 +^' 

3 



33. d^oo&'^i^af' - 3/») = - 



34. 3,cosec"* 



1 2 



2^V^l-.v* \/l - a?* 



36. a, — 7==sin — --_j = _- 
\2\/afe a + bar J o + i 



.y/^ a + ba^ ) a + ba^ 



36. 3,tan-* -—o 2- 

' 1 - 3a?* 1+0?* 



37. 3, ( . .COS-* = 1 . 

V'x/o' - 6* a - 6 cos a?/ a + cos a? 



gsin-** 



38. 3,€«» *«— 7=-. 

40. B\ar.(\og^afy\ = 0?"-^ (logea?)«-^{m.loge jr + n}. 

1 

41. OgW* = TlOge""' 

42. 3^ (ao?* - 26a?* + Ctr) = 6a. 



43. 3! 



' a* + a?' (a* + a^y 
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44. ai|i-2(sin^)'| = 



COS a?. 



46. 3' (a? . e') = (a? + n) . ^. 

46. af +V(sin ^. cos w) = (- 1)"+^2*''. {(-sin .vf- (cos cr)«f . 

1 1 

49. 33 — = .{wi(w + l)(w+ 2).(9py- 3m(m + l)p.9p.9'p 

50. 3' Af = - ^. 1^ ^ - (1+ log,/p) - (I + log.a?y I . 

\X^ Of j 



II. DIFFERENTIATION OF IMPLICIT FUNCTIONS OP ONE VARIABLE. 



1. If ^y-a^+62/^ = (H ^^^ = " ^T^ 



2. If Z. = log, ^ ^»«* = --7=i=f- 



a Ift* = cos-*-, d,w=— -====-. 

,r a?(l + v«!r-f<*) 

Gg 
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4. If d7 s i» . tan « — na^ ox s 



5. If aw^ — tVtt — a = 0, 9^t^ = — 



6. If ay*-6a?y -f- 1 as 0, 3^y 






(Saw*- xy 



7* If sin a + y B a . sin J? + 6 • cos x, d^y « 



6a? - 3ay^ 

a,cosx^b.sinx 



cos a + ^ 



I 

III. DIFFERBNTIATION OP FUNCTIONS OF SEVERAL VARIABLES. 

1. If u^ axy -^b^f then 9(,,w = ay, S^^u =^ ax -^ 2by. 

2x 



2. If t« » a + v^a?*+y*, then 3^,) « = 



3(0?*+!^)^' 






<-^^ 3(^+J^)t* 



^^ -V ^y 

3. If »» e(a^+ y*)i, then 3<,)» = — > %)^- — • 
*• '^&^^h&''' then 3,,,. = -^, 

X ' y 

5. If «f = c.cos"' -, and « = c.sin"*-, then 

a a 

6. If (a?+y+«f).€'=c, then 9^+9y+9«+(a?+y+«f).9«f=:0. 

7. If (^ + y)*-(y + ») = c, then 

2.9a7.(^ + «) +9^. (a? + 3y + 2») + d%,{x + y) = 0. 
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8. If -^ = c, then 



dw{ay - hx) + dy{c% - ax) + dx{ha} — cj/) = 0. 



IV. CHANGE OF THE VARIABLE OF DIFFERENTIATION. 

1. Transform a + 6.3,y 4-c.9^y into the equivalent ex- 
pression which has y for the variable of differentiation. 

2. Given x = a. vers 0, and 3/ = a0 + a.sin 0, required 9,y. 

3. Given x.d^y - ay = 0, prove that 3,y - ay = 0, where 

then 9|y -f a.9ey + 6y = 0. 

5. Required 9,#, when 9^« = 5 — , and x = ^ — ', 

1 — or OgS 

o. Given R— ^ '-'-^ and <v = r.cosd, y s r.sind, 

shew that 



i? = 



r- + 2(9er)'^-r.90r * 



7- If ^ -y(^> y) ^l^ere both .v and y are functions of 
two other variables r and 0, express 9^^)i8f and 9^))8r in terms 
of r, 0, 9^^,ar and 9(e) «; and, if ,v = r.cos0, y = r.sin0, 
prove that 

8. Given ;ir = r. sin 0, y = r.cos0.sind, d? = r.cos^.cosd, 
transform the expression 

into the equivalent expression involving only r, 0, 0, and 
the partial differentials of r with regard to Q and 0. 
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V. ELIMINATION OP CONSTANTS AND FUNCTIONS. 

1. If y + ©0? + 6 S3 0, then 3,y + a = 0, and a?.3*t/ = o. 

2. If a^ + y^ = cwy then y - a7.3,y «= ^Vi+C^ry)*' 

£ 

3. If a?€?' =» c, then a?y -h y^= a?*.9,y. 

4. If «* - 2ay - a* - 6 «= 0, then .v - a.3,y = 0, and 

3^y.V^y*+ar* — 6 - y.3,y - a? = o. Also ^.O^y = 3*y. 

6. If {w - a)^ + (y - bf^ t\ then ^^.^y*^y^' = r-. 

6. If loge— = sin""*— , then a7.d,y - y =* ^ s^^y^, 

a CD 

7. If y - -jto— T ^ ^^^" 9,y = 1 - y«. 

£ — 1 

8. If y — €*. cos 0?, then ^y - 2 .3,y + 2y = 0. 

9. If (1 - io\y ■= aai^Arhuo + c, then (1 - a/).9jy— 3.^y= 0. 

10. If f^ = m sin (T + ^ cos 07, then df t^ + u » 0. 

11. If y^sm^ + n^, eliminate m and n. 

12. If y s= €*. (o + fe^) + c. cos a? + d . sin a?, then 

y - 2.a,y + 2 .ajy - 2,9;y + Bjy = 0. 

13. If « « JB^,d>y9 then d^^^iif = — . 

w 

y ^b jf'— a ^ ^ 

14. If = F , then « - c = o^,)«.(a? - o) + 3(y)«.(y - 6). 



15. If X =s - ^(j} ay — bw^ then o.o^,)« + fe.d. ^i^ = 1. 
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r . ^— .u.. 7^ ^^"^ :^ ^ ,y 



16. If % = — -{' d> wfjy then 3/„)« = - .9/,)^ + - . 



17. If ^*+ y^+ «*= X + aw -{-by, then 

(y.- 6i!f).3<,)«r - (a? - a»).3^y)« = baf- ay. 



VI. FUNCTIONS UNDBR THE FORM ^, x », ^• 






i \/^ — vfl + v^ — a] 
A, 



^ Jv ^p — Va + v ^p — al 1 



. .y/^a^a - a?* - \/a^J 
4. <- 7== — ■ — / =5a. 



a — \/ax 



y/aX ]x=a 



g i af-a> I ^_^ 

7. <l8ec — I .versin27ra?> =8. 

8. 1 2*. tan 41 = «• 

g |cos-'(l-^)| ^^ 
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tan 



11. 



2a 



at" 



4a 

TT 



13. If (y' - ^)« = «» - 2o/ryS (a,y)^= =fc — J= and oo . 

14. If .«*-2os^-3aV-2aV + a* = 0, (3,^)^^^ = ± V ?, 



y= 



«=-o 



VII. BXPAN8ION8. 



1. 



By Maclaurin^s Theorem. 

b w ^ac - 6* J?^ 



^ ^ 2a 1 



2'.a« 1.2 



36 (4ac - 6*) ^ 



2'.a 



3 



1.2.3 



-&C.} 



«. , ^ a? la?' 1.3 07* 1.3.5 aP 
2. Sin-* - = - + -. — - -I- — . — - -I- -. — - + 

a a 2 3a' 2.4 50* 2.4.6 7a' 



4. If af^ — hxy + 1^0, expanding y in powers of a, 



1 1 3 , 12 , 



6^7 fe*/»* 6^07' 



fe^^'a? 



10 



5. If j^ — Saxy + ir*- 0, expanding y in powers of a, 

^ = -d7.a+ — -.a* r.a*+ 

Sa^ Sar 
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0?^ 



6. Expand by Maclaurin's Theorem — in negative 

powers of w. 

7. Given ww'-«^a?-w = 0, shew by Maclaurin's The- 
orem that 

t^ = 1 + 7— 5 + -T— ; - &c. 

By Taylor's Theorem, 

h . A« 

8. tan os + h = tan a; + (sec a?)*.- + 2. sin a?. (sec ^)^r- + &c. 

1 \2 



9. sin"^ «? H- A = sin ^o? + — 7===.- + 7 5ri-rr"*' ••• 

10. Apply Lagrange's Theorem to determine approxi- 
mately one of the roots of the equation 

11. Ifa? — a + 6a?*=0, by Lagrange's Theorem, 

fn + 2/^— 1 

a?"*=a"+ wia'"+"~^6 + m. a"*+*""*.6*+ &c. 

2 

12. If (1-c) (tan -J = (1 + e) (tan -| , and w = w -e. 
sinu, shew that 



(2«-i)-' 



V -m'{- [2e l.sinm + — .sin 2m + .sin 3m + &c. 

4 12 



VIII. MAXIMA AND MINIMA. 

1. The maximum of 3a^aj^'-b*af + (f is when a? =s ; 

3a 

and the minimum when w ^ — . 

3a 
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2. The maximum of — — is when .r = — + a. 

3. Find the maxima and minima of 4^— S.v'+jr + 4; 
and shew that they are not the greatest and least values of 
the function. 

4. If tt = r , Ug is a minimum. 

log^j? 



5. If y = J? + V «"'- ^\ y*=-4i ' 



is a maximum. 



3 9 



6. v^+^ + \/ ®* + ( — ) ^^^ * maximum when 
w = ^ '^ab, and a minimum when .r = y/ ah. 



— '— «!?+ 1 . . 

7- If w = ^ 9 w,^ is a maximum, and tt_., a mi- 

nimum. 

8. sin 0?. vers « has a maximum when as^ — . 

9. Draw the least quadrilateral figure circumscribing 
a given circle. 

10. Draw the shortest line touching a given ellipse and 
terminated by the tangents at the extremities of the axes of 
the ellipse. 

11. Of all the cones cut out of a given sphere determine 
that which has the greatest convex surface. 

12. A cylindrical mug of given small thickness is re- 
quired to be of a given capacity, find the least quantity of 
material of which it can be made. 

13. If w = ^ + ^ — Saxy^ u^^ is a minimum. 



241 

14. Required the maximum of (tt? + l),(y + !).(« + 1), 
subject to the condition a", ^. c* = A, 

15. Find the maxima and minima of 

a.cos<]7 + 6. cosy -f c.cos^, 
when a?, y, « are connected together by the equation 

(cos xf -f (cos 'yf + (cos %f = 1- 



IX. CURVES. 



1. Required the direction of curvature at any point of 

the curve whose equation is y = ma.vers"^ — +\/2a.i? — .r*; 

a 

and also the subtangent for the same point. 

2. Find the equation to the tangent at any point of 
the curve whose equation is sh + j/i = oi ; and thence shew 
that the portion of the tangent, intercepted between the axes 
of co-ordinates, is the same for all points. 

3. Determine the tangent at any point of the curve 
whose equation is (aa?)l + (6 2^)* = (a^ — 6^)^, and prove that 
it coincides with a normal to the curve whose equation is 

ft? y^ 

4. Determine the tangent to a curve, which being ter- 
minated by the axes of rectangular co-ordinates (l) cuts off 
the triangle of least area ; and (2) cuts off the triangle which 
generates the least cone by revolution about the axis of 
abscissas. 

Ans. The triangle is least when the tangent 
is bisected at the point of contact. 
The cone is least when the tangent is tri- 
sected at the point of contact. 

Hh 
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5. The curve whose equation is y = - — -- is concave for 
all values of x from to ± \/s, and convex from ± \/^ to 

^ 00. 

6. If ^ + ho? + ify = be the equation to a curve, 
the co-ordinates of a point of contraflexure are 

6 26' 



07 = , y = 

3 ^ 27o 



2 



7. If ay = ^.vy/^ax — a?'' be the equation to a curve, 

So 
there are maxima when .v — — , and points of contraflexure 

when /r = - {s - v/s}. 

8. In the curve, whose equations are o?=ad, y=a(l + cosd), 
there is a point of contraflexure when of^^^a and y ~ a. 

9. In the curve whose equation is y - 6 = 2(o7 - a)', there 
is a point of contraflexure when x = a. 

10. If y^ + ^awy^ — aa^ <=: be the equation to a curve, 
there is a multiple point at the origin, where three branches 
meet, one of which intersects the axis of x at right angles, 

and the other two intersect it at angles tan"* 7=. 

11. If ay* - 07^ + bar = be the equation to a curve, the 
origin is an isolated point. 

12. The curve whose equation is 

«(y* - 6^) = :t (cr* - c^)V?-2o7* 
has four isolated points, corresponding to a? = ^ c and y = =t fr. 

13. The semicubical parabola, whose equation is ay' = .tr^, 
has a "cusp of the 1st species'' at the origin. 
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14. There are cusps in the curves represented by^ach 
of the following equations: — 

(!) (y - 2)3 = (^ - ly (3) aV = (^ - a^, 

(2) (aa?)U(6y)ii=(a*-6% (4) a?*-«a?*y-aa^j^+^aY«=0. 

15. Required the Radius of Curvature at the vertex of 
an ellipse, hyperbola, or parabola. 

16. Required the Radius of Curvature at any point of 

S X 

the catenary, whose equation isSyso-le^ + e""}. 

17. Find the Radius of Curvature at any point of the 
curve given by the equations 

07 s a(l - cos 6), y = a((^ + sin 0). 

18. Find the co-ordinates of the point in which the 
parabola intersects its Evolute. 

19. The equation to the Evolute of the curve repre- 
sented by cry = a^ is (a -h j8)^ - (a - /3)S = (4 a)*. 

• 

20. Shew that the Evolute of a Cycloid is an equal 
Cycloid; and find its position. 

21. If a?, y be the co-ordinates of any point of a plane 
curve, and r the distance of the point from the origin, prove 
that the co-ordinates of the corresponding point of the Evo- 
lute are 

9J^ 3*y 



y 



22. If JT, Y be the co-prdinates of the Centre of Cur- 
vature at the pdnt (a?, y) of the curve whose equatfmi is 
Ao^ + fiy* + C = 0, shew that 
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23. The Chord of Curvature, at any point (.r, y) of a 
Curve, drawn through any other point (a, /J) is equal to 

!Ji±iMM_iy - ^ - ^^y( ^^«){ 

24. If y = y - be the equation to a curve, V = 3x is 
, the equation to its asymptote. 

25. If y = — r- be the equation to a curve, F=4j?— 2 

ar-^ar 

is the equation to its asymptote. 

26. If a^ ■¥ a^y = ^3^y be the equation to a curve, 
Y=^w is the equation to its asymptote. 

27. If a^ = y^ + a' be the equation to a curve, F""* = aar^ 
is the equation to its asymptote. 

28. If ^jf — 2ay* — o^a? s be the equation to a curve, 
^s4aF and Y^O.w are equations to its asymptotes. 

29. Prove that the tangent at any point of a conic 
section makes equal angles with the focal distances. 

30. If r ^ a9 be the polar equation to a curve, shew 

that the subtangent at any point (r,d) = — . 

a 

31. If r.cos0 + a.cos20 = 0, the subtangent «= a. 

32. If r = sec - , the subtancfent = — , . 

33. The curve whose equation is r.cosB == a,cos29 is 
at every point concave towards the pole. 
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34. If r^ = a*, cos 2 be the polar equation to a curve, 



€? 



the Radius of Curvature at any point (r, fl) = — . 

35. If r = a (1 + cos G) be the equation to a curve, the 
Radius of Curvature at any point (r, 0) = |^\/2ar. 

36. If r = , the curve has two rectilinear asymp- 

totes at the distance - from the focus, and making angles 
1 and - 1 with the prime radius. 

37. Determine the form at the origin of the curve whose 
equation is y^ = a«r^ — a?^. 

38. Approximate to the general form of the curve whose 
equation is {of + j^)J = 2awy. 

1 

39. A straight line of given length, having its extremi- 
ties in the axes of ^ and y^ always touches the curve whose 
equation is a?i + 3^ = cl 

40. A series of Ellipses are described from the equation 

f-j + (•^i = I5 in which a and fi may have any values 

subject to the condition a" + /3" = c* ; find the curve which 
touches all the Ellipses. 

For more Examples the Student is referred to the ex- 
tensive Collection by Mr Hind, entitled ^^ A Digested Series 
of Examples in the Applications of the Principles of the 
Differential Calcuhis.^ 



THE END. 



• 'i 



